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BITSAT 
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Get MTG's BITSAT Power Guide today for a 
real-world feel of BITSAT. Find out what's 
different about the BITSAT test, including its 
pattern of examination and key success factors. 
Be it with chapterwise MCQs or model test 
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CONCEPT p. 

B00 5TERS O 

^ VciasslM 


This column is aimed at Class XI students so that they can prepare for competitive exams such as JEE Main/Advanced, etc. and 
be also in command of what is being covered in their school as part of NCERT syllabus. The problems here are a happy blend 
of the straight and the twisted, the simple and the difficult and the easy and the challenging. 

'ALOK KUMAR, B.Tech, IIT Kanpur 


The circle with centre 
(h , k) & radius V has the 
equation; 

(x - h) 2 + (y- k) 2 = a 2 
As in triangle ACM, 

CM 2 + AM 2 = AC 2 
=> (x - h) 2 + (y- k) 2 = a 2 
General equation x 2 + y 2 + 2gx + 2fy + c = 0, can 
be written as 

(x 2 + 2gx + g 2 ) + (/ +2 fy +f 2 )=g 2 +f 2 -c 

or (x + g) 2 + (y +/) 2 = (\jg 2 +f 2 -c) ...(i) 

Comparing eq (i) with (x - h) 2 + (y - k) 2 = a 2 , 
we get h = -g,k = -/, a = J g 2 +f 2 - c 
So equation (i) represents a circle with centre(-g, -f) 
and radius J g 2 +f 2 -c . 

Ug 2 +f 2 - c>0 radius of circle is real 
If g 2 +f 2 - c < 0 radius of circle is not real & hence 
it represent a circle with real centre & imaginary 
radius. 

If g 2 +/ 2 - c = 0 radius of circle is zero so we can 
say that circle becomes a point (-g, -/), or we can 
say that the circle is a point circle. 

• The general equation of a circle contains three 
arbitrary constants, g,f&c which corresponds 
to the feet that a unique circle passes through 
three non collinear points. 

• The general equation of second degree 
ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0 also 



represents a circle, if following conditions are 
satisfied: 

(i) a = b (coefficient of x 2 and y 2 should be same) 

(ii) /i = 0(coefficient of xy should be zero) 

Let A (*1 ,yi) and B (x 2 >yi) are two ends of diameter 
of a circle, P is any point on circle with co-ordinates 


ZAPB = 90° (as angle made in semi circle is right 
angle) 

slope of AP x slope of BP= -1 

-» taxta-i 

X-Xi x-x 2 

=> (y-y\)iy-yi) = -(x-x x )(x-x 2 ) 

So (x - Xj) (x - x 2 ) + O' - yi) (y-y 2 ) = 0 is required 
equation. 

This will be the circle of least radius passing through 
(xi,y,)&(x 2 ,y 2 ). 

Ordinates of A x & A 2 are zero 
(y = 0) and abscissa are X) E 
and x 2 . So equation of circle 
on which A\ and A 2 lies get 
reduce to x 2 + 2gx + c = 0. ' 

Here x, and x 2 are roots of 
above equation. 

/. X\ + x 2 = -2 g and X] x 2 = c 
Intercepts on x-axis is A t A 2 = x 2 - Xj 

= ^(x, +x 2 ) 2 -4x,x 2 =>/(-2 gf -4c 

••• A,A 2 =2 N t I ^c 



* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains IIT and Olympiad aspirants. 
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Abscissae of B t & B 2 are zero (x = 0) and ordinates 
of £[ & B 2 areyi, y 2 respectively as B l and B 2 lie on 
circle so equation of circle get reduced to y 2 + 2fy 
+ c = 0 as y { & y 2 lie on circle so they are roots of 
above equation. 

Hence y\ + y 2 = -2/ and y x y 2 - c 
Hence B { B 2 = y 2 - yi^-^iy^ y 2 f-4y 2 y 2 
= yl(-2f) 2 -4c = 2y[f T ^'c 


Intercept on x-axis = 2 y]g -c 

Intercept on y-axis = 2 

Remarks 


• If g 2 > c then circle cut x-axis at two distinct, 
real points. 

• If g 2 < c then circle do not cut x-axis at real 
points. 

• If g 2 = c then circle touches x-axis. 

• If f 2 > c then circle cut y-axis at two distinct, 
real points. 

• If f 2 = c then circle touches y-axis. 

• If f 2 < c then circle do not cut y-axis at real 
points. 

• Thepoint(xi ,yi) is inside or on or outside the circle 
x 2 + y 2 + 2 gx +2fy + c = 0 according as 

x\ + y\ + 2gX[ + 2fyi + c<0or = 0or>0 

• Let L = 0 be a line & S = 0 be a circle. If r is the radius 
of the circle & p is the length of the perpendicular 
from the centre on the line, then: 


• p > r <=> the line does not meet the circle i.e. 
passes outside the circle. 

• p = r <=> the line touches the circle. 

• p < r <=> the line is a secant of the circle. 

• p = 0 ^ the line is a diameter of the circle. 

Let equation of given circle is (x - h) 2 + (y - k) 2 = a 2 . 
O'D and AC perpendiculars on x-axis O'B is 
perpendicular on AC. 

Let ZBCfA = 0 and OA = a y “ 

Hence O'B = a cos 0, AB 
= a sin6 
Now x = OC 

= OD + DC=OD + OB 
x = h + a cos0 
Similarly y = BC + AB 1 
= k + a sin0 


^Mx.y) 


D C 


So x = h + a cos0 and y = k +a sin0 are parametric 
equations of circle (x - h) 2 +(y - k) 2 = a 2 
If centre of circle is at origin then h = k=0, therefore 
parametric equations gets reduced to x = a cos0, 
y = a sin0. 

The equation of the tangent to the circle 
x 2 + y 2 = a 2 at its point (xj, y^ is, xxi+ yy\= a 2 . 
Hence the equation of a tangent at (a cosa, a sina) 
is x cosa + y sina = a 

The point of intersection of the tangents at the 
points P(a) and Q(P) is 


q+p 
' S 2 : 


n a+P 


a-p ’ a~P 


The equation of the tangent to the circle 
x 2 + y 2 + 2 gx + 2fy + c = 0 at its point (xi, y\) is: 
xx\ +yy\ +g(x + x,) +fiy +y,) + c = 0 
y = tnx + c is always a tangent to the circle 


x 2 +y 2 = a 2 ifc 2 = a 2 (l + m 1 ) and the point Q f contact 



If a line is normal / orthogonal to a circle then it 
must pass through the centre of the circle. Using 
this fact normal to the circle x 2 + y 2 + 2 gx + 2 fy+c 

= 0 at(x,,yi)is y~y\ =^-^-{x-x l ). 

X\+g 

The equation of a family of circles passing through 
two given points (xj, yj) & (x 2 , y 2 ) can be written 
in the form: 

(x-x,)(x-x2) + (y-yi)(y-y 2 ) 
x y 1 
+ K x, yj 1 =0 
*2 yi 1 

where 1C is a parameter. 

The equation of a family of circles touching a fixed 
line y - y! = m (x - Xi) at the fixed point (X] ,yi) is 
(x - x,) 2 + (y - y,) 2 + K [y - y, - m (x - x,)] = 0, 
where K is a parameter. 

The equation of the family of circles passing through 
the points of intersection of two circles S] = 0 & S 2 
= 0 is given by Si + KS2 = 0 (K# -1) 
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The equation of the family of circles passing 
through the point of intersection of a circle 
S = 0 & a line L = 0 is given by S + KL = 0 
Family of circles circumscribing a triangle whose 
sides are given by 

I, = 0; L 2 = 0 & L 3 = 0 is given by; 

LiL 2 + X L 2 L } + p L 3 L t = 0 provided co-efficient 
of xy = 0 & co-efficient of x 2 = coefficient of y 2 . 

LENGTH OF A TANGENT AND POWER OF A 
POINT 

The length of a tangent from an external point 
(*i, yi) to the circle S s x 2 + y 2 +2 gx + 2fy + c = 0 
is given by L = Jx l 2 + y, 2 + 2gx, +2/ 1 y+c = > /^ 
Square of length of the tangent from the point 
P is also called the power of point w.r.t. a circle. 
Power of a point remains constant w.r.t. a circle. 
The locus of the point of intersection of two 
perpendicular tangents is called the director circle of 
the given circle. The director circle of a circle is the 
concentric circle having radius equal to -Jl times 
the original circle. 

The equation of the chord of the circle 
S = x 2 + y 2 + 2gx + 2fy + c = 0 in terms of its mid 
point M (x„ y,) is xx, + yy, + g (x + x,) +fiy + y,) 
+ c = x 1 2 +y 1 2 + 2 gxi + 2 fy t + c which is designated 
by T=S,. 

The shortest chord of a circle passing through a point 
‘M’ inside the circle, is one chord whose middle 
point is M. 

If two tangents PT ! & PT 2 are drawn from the point 
P(x„ y t ) to the circle S = x 2 + y 2 + 2 gx + 2fy + c = 
0, then the equation of the chord of contact T^ is 

xx\ + m + g (*+*i) +fiy+ yi) + c =o 

The joint equation of a pair of tangents 
drawn from the point A(xi, y ( ) to the circle 
x 2 + y 2 + 2gx + 2/y + c = 0 is SS, = T 2 
where S * x 2 + y 2 + 2 gx + 2fy+c; 

Si=xi + yi + 2gxi+ 2/y, +c 
T = xx, + yy, + g(x + x,) +J[y + y,) + c 
Where the two circles neither intersect nor touch 
each other, there are four common tangents, two of 
them are transverse & the others are direct common 
tangents. 

When they intersect there are two common 
tangents, both of them being direct. 


When they touch each other : 

• externally, there are three common tangents, 
two direct and one is the tangent at the point 
of contact. 

• internally, only one common tangent possible at 
their point of contact 

Length of an external common tangent & internal 
common tangent to the two circles is given by : 

f-ext = yjd 2 -(r, -r 2 ) 2 and 
Imt-Vd 2 —(r,+r 2 ) 2 

Where d = distance between the centres of the 
two circles, r\ & r 2 are the radii of two circles. 
RADICAL AXIS AND RADICAL CENTRE 
The radical axis of two circles is the locus of points 
whose powers w.r.t. the two circles are equal. The 
equation of radical axis of two circles Sj = 0 & S 2 = 0 
is given by S, - S 2 = 0 i.e. 2(g, - g 2 ) x + 2 (/i -f 2 ) y 
+ (ci - c 2 ) = 0 

Radical axis is always perpendicular to the line 
joining the centres of the two circles. 

If two circles touch each other then the radical axis 
is the common tangent of the two circles at the 
common point of contact. 

If two circles intersects, then the radical axis is the 
common chord of the two circles 
Radical axis bisects a common tangent between the 
two circles. 

The common point of intersection of the radical 
axes of three circles taken two at a time is called the 
radical centre of three circles. 

A system of circles, if each pair have the same radical 
axis, is called a co-axial system. 

Pairs of circles which do not have radical axis are 
concentric. 

Two circles S! = 0 & S 2 = 0 are said to be orthogonal 
or said to intersect orthogonally if the tangents at 
their point of intersection include a right angle. The 
condition for two circles to be orthogonal is 2 gig 2 
+ Wi = Ci + c 2 

Locus of the centre of a variable circle orthogonal 
to two fixed circles is the radical axis between the 
two fixed circles. 
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Single Correct Answer Type 


1. For all values of 0, the locus of the point of 
intersection of the lines x cos0 + y sin0 = a and 
x sin0 - y cos0 = b is 

(a) An ellipse (b) A circle 

(c) A parabola (d) A hyperbola 


2. The area of the circle whose centre is at (1, 2) and 
which passes through the point (4,6) is 

(a) 5 Ji (b) 10 n 

(c) 25 ti (d) None of these 


3. 


If a circle passes through the point (0, 0), (a, 0), 

(0, b), then its centre is 

(a) (a,b) (b) ( b,a) 


«(!•!) 


« H 


The number of circle having radius 5 and passing 

through the points (- 2,0) and (4,0) is 

(a) One (b) Two (c) Four (d) Infinite 


5. The equation of the circle passing through the 
origin and cutting intercepts of length 3 and 4 
units from the positive axes, is 

(a) x 2 +y 2 + 6x + 8y+l=0 

(b) x 2 +y 2 -6x-Sy=0 

(c) x 2 +y 2 + 3x + 4y = 0 

(d) x 2 +y 2 -3x-4y = 0 

6. The equation of the circle with centre at (1, -2) 
and passing through the centre of the given circle 
x 2 + y 2 + 2y - 3 = 0, is 

(a) x 2 +y 2 -2x + 4y + 3 = 0 

(b) x 2 +y 2 -2x+4y-3 = 0 

(c) x 2 +y 2 + 2x-4y-3 = 0 

(d) x 2 + y 2 + 2x-4y + 3 = 0 

7. For the circle x 2 + y 2 + 3x + 3y =0, which of the 
following statements is true? 

(a) Centre lies on x-axis 

(b) Centre lies on y-axis 

(c) Centre is at origin 

(d) Circle passes through origin 

8. The locus of the centre of a circle which always 

passes through the fixed points (a, 0) and (-a, 0), is 
(a) x=l (b) x + y = 6 

(c) x + y = 2a (d) x = 0 


9. The circle passing through points of intersection of 
the circle S = 0 and the line P = 0 is 

(a) S±AP=0 (b) P-AS = 0 

(c) AS + P = 0 (d) All of these 

10. Equations to the circles which touch the lines 
3x - 4y + 1 = 0, 4x + 3y - 7 = 0 and pass through 
(2,3) are 

(a) (x - 2) 2 + (y - 8) 2 = 25 

(b) 5X 2 + Sy 2 - 12x - 24y + 31=0 

(c) Both (a) and (b) 

(d) None of these 

11. The equation of the circle in the first quadrant 
which touches each axis at a distance 5 from the 
origin is 

(a) x 2 + y 2 + 5x + 5y + 25 = 0 

(b) x 2 +y 2 - lOx- lOy + 25 = 0 

(c) x 2 + y 2 - 5x - 5y + 25 = 0 

(d) x 2 + y 2 + lOx + lOy + 25 = 0 

12. The equation of circle with centre (1,2) and tangent 
x + y-5 = 0is 

(a) x 2 +y 2 + 2x-4y+6 = 0 

(b) x 2 +y 2 -2x-4y + 3 = 0 

(c) x 2 +y 2 -2x + 4y+8 = 0 

(d) x 2 +y 2 -2x-4y + 8 = 0 

13. The circle x 2 + y 2 -3x-4y + 2 = 0 cuts x-axis at 

(a) (2,0), (-3,0) (b) (3,0), (4,0) 

(c) (1,0), (-1,0) (d) (1,0), (2,0) 

14. The centre ofa circle is (2, -3) and the circumference 
is 10rt. Then the equation of the circle is 

(a) x 2 +y 2 + 4x+6y+12 = 0 

(b) x 2 +y 2 -4x + 6y+ 12 = 0 

(c) x 2 +y 2 -4x + 6y- 12 = 0 

(d) x 2 +y 2 -4x-6y- 12 = 0 

15. The limit of the perimeter of the regular n-gons 
inscribed in a circle of radius R as rt —»°° is 

(a) 271 R (b) 71 R 

(c) 4 R (d) 7t R 2 

16. For what value of k, the points (0,0), (1,3), (2, 4) 
and (k, 3) are con-cyclic? 

(a) 2 (b) 1 (c) 4 (d) 5 

17. If the lines 2x + 3y + 1 = 0 and 3x - y - 4 = 0 lie 
along diameters of a circle of circumference 1071, 
then the equation of the circle is 
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(a) x 2 +y z + 2x-2y-23 = 0 

(b) x 2 +y 1 -2x-2y-23 = 0 

(c) x? + y 1 + 2x + 2y-23 = 0 

(d) x?+y*-2x + 2y-23 = 0 

18. Let P(xj, ^j) and Q(x 2 , y 2 ) are two points such that 
their abscissa x, and x 2 are the roots of the equation 
x 2 + 2x - 3 = 0 while the ordinates y t and y 2 are the 
roots of the equation y 2 + Ay - 12 = 0. The centre of 
the circle with PQ as diameter is 

(a) (-1,-2) (b) (1,2) 

(c) (1,-2) (d) (-1,2) 

19. A circle is drawn to cut a chord of length 2 a units 
along X-axis and to touch the 7-axis. The locus of 
the centre of the circle is 

(a) x 2 + y 2 = a 2 (b) x 2 -/ = u 2 

(c) x + y=a 2 (d) x 2 -y 2 = 4a 2 

20. The angle between the two tangents from the 
origin to the circle (x - 7) 2 + O' + l) 2 = 25 is 

(a) 0 (b) Jt/3 (c) Jt/6 (d) Jt/2 

21. If OA and OB be the tangents to the circle 
x 2 + t 2 - 6x - 87 + 21 = 0 drawn from the origin 
O, then AB = 

(a) 11 (b) jy/21 



22. If the line y = tnx + c be a tangent to the circle 
x 2 + y 2 = a 2 , then the point of contact is 



23. A point inside the circle x 2 + y 2 + 3x - 3y + 2 = 0 is 

(a) (-1,3) (b) (-2,1) 

(c) (2,1) (d) (-3,2) 

24. The equations of the tangents to the circle 
x 2 + y 2 = 50 at the points where the line x + 7 = 0 
meets it, are 

(a) 7x ± 7 + 50 = 0 (b) 7x±y-5 = 0 

(c) 7 ± 7x + 5 = 0 (d) 7 ± 7x - 5 = 0 

25. The angle between the tangents to the circle 

x 2 +y 2 - 169 at the points (5,12) and (12, -5), is 
(a) 30° (b) 45° 

(c) 60° (d) 90° 


26. If the equation of one tangent to the circle with 
centre at (2,-1) from the origin is 3x + y = 0, then 
the equation of the other tangent through the 
origin is 

(a) 3x-y = 0 (b) x + 3y=0 

(c) x - 3y = 0 (d) x + 2y = 0 

27. The equation of the normal to the circle 

x 2 +y 2 - 2x = 0 parallel to the line x + 2y = 3 is 
(a) 2x + y- 1=0 (b) 2x + 7+l=0 

(c) x + 2y —1=0 (d) x + 2y+ 1 = 0 

28. If a line passing through origin touches the circle 
(x - 4) 2 + (y + 5) 2 = 25, then its slope should be 

(a) ±| (b) 0 

4 

(c) ±3 (d) ±1 


29. The equations of the tangents to the cilde x 2 + y 2 = 13 
at the points whose abscissa is 2, are 

(a) 2x + 3y=l3,2x-3y=l3 

(b) 3x + 2y = 13,2x - 3y = 13 

(c) 2x + 37 = 13,3x - 27 = 13 

(d) None of these 

30. If O is the origin and OP, OQ are tangents to the 
circle x 2 + y 2 + 2 gx + 2fy + c = 0, the circumcentre 
of the triangle OPQ is 

(a) (-*-/) (b) (*/) 

(c) (-/ -g) (d) None of these 

31. The equation of circle which touches the axes of 
coordinates and the line - + ¥- = \ and whose centre 

3 4 

lies in the first quadrant is x 2 + y 2 - 2cx - 2cy + c 2 = 0, 
where c is 

(a) 1 (b) 2 (c) 3 (d) 6 

32. At which point on 7-axis the line x = 0 is a tangent 
to circle x 2 +t 2 -2 x -67 + 9 = 0? 

(a) (0,1) (b) (0,2) 

(c) (0,3) (d) (0,4) 


33. If the straight line y = tnx + c touches the circle 
x 2 + y 2 - 4y = 0, then the value of c will be 

(a) l+\ll+m 2 (b) 1 -ylm 2 +1 

(c) 2(l + Vl+m 2 ) (d) 2 + yJl + m 2 


34. Which of the following lines is a tangent to the 
circle x 2 + y 2 = 25 for all values of m ? 

(a) y = mx+25\ll + m 2 (b) y = mx + 5^l\ + m 2 
(c) y = mx + 25'Jl-m 2 (d) y = mx + 5s]l-m 2 


© 
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35. Square of the length of the tangent drawn from the 
point (a, P) to the circle ax 2 + ay 1 = r 2 is 

2 

(a) aat + afP-r 2 (b) a 2 + p 2 - 

(c) a 2 +p 2 +— (d) a 2 + p 2 - r 2 

36. y-x+ 3=0 is the equation of normal at I 3 + -==,-== ] 
to which of the following circles ? V v2 V2 ) 



(c) (a: - 3) 2 + r 2 = 9 

(d) (x-3) 2 + (>'-3) 2 = 9 


37. Length of the tangent from (xj, )/[) to the circle 
x l +y 2 + 2gx + 2fy + c = 0is 

(a) (*? + y\ + 2gx x + 2fy x + c) 1/2 

(b) tf + yb V2 

(c) [(x 1 +g) 2 +(y l +/) 2 ] l/2 

(d) None of these 

38. The points of intersection of the line 4x - 3y - 10 = 0 
and the circle x 2 + / - 2x+ 4y - 20 = 0 are 

(a) (-2,-6), (4,2) (b) (2,6), (-4,-2) 

(c) (-2,6), (-4,2) (d) None of these 

39. The equation of the tangent to the circle x 2 + / = r 2 
at (a, b) is ax + by - X = 0, where X is 

(a) « 2 (b) b 2 

(c) r 2 (d) None of these 

40. The equation of pair of tangents to the circle 
X 2 +/-2x + 4)'+3 = 0 from (6, -5), is 

(a) 7X 2 + 23/ + 30xy + 66x + 50y - 73 = 0 

(b) 7X 2 + 23/ + 30 xy - 66x - 50)/ - 73 = 0 

(c) 7x 2 + 23/-30x>'-66x-50)' + 73 = 0 

(d) None of these 

41. The gradient of the tangent line at the point 
(a cosa, a sina) to the circle x 2 + / = a 2 , is 

(a) tana (b) tan(7t-a) 

(c) cota (d) -cota 

42. The two circles which passes through (0, a) and 
(0, -a) and touch the line)/ = mx + c will intersect 
each other at right angle, if 

(a) a 2 = c 2 (2m + 1) (b) a 2 = <^(2 + m 2 ) 

(c) c 2 = a 2 (2+m 2 ) (d) c 2 = a 2 (2m+1) 


43. If the line 3x - 4 y = X touches the circle x 2 + / - 4x 
- 8y - 5 = 0, then X is equal to 
(a) -35,-15 (b) -35,15 

(c) 35,15 (d) 35,-15 


44. Tangents drawn from origin to the circle 
x 2 + / - 2ox - 2 by + b 2 = 0 are perpendicular to 
each other, if 

(a) a-b = l (b) a+ b=l 

(c) a 2 = b 2 (d) a 2 + b 2 = 1 

45. Given the circles x 2 +/-4x-5 = 0 and x 2 + / 
+ 6x - 2y + 6 = 0. Let P be a point (a, p) such that 
the length of tangents from P to both the circles are 
equal, then 

(a) 2a + 10P+ 11=0 (b) 2a-10P+ll=0 
(c) 10a-2P+11=0 (d) 10a+ 2P+11 = 0 


If 2x - 4y = 9 and 6x - 

12 y + 

7 = 0ar< 

of same circle, then its 

radius will be 

(a) 

A 

5 

(b) 

17 

6-Js 

(c) 

2& 

(d) 

17 

3 

3>/5 


the tangents 


47. If 5x - 12 y + 10 = 0 and \2y - 5x + 16 = 0 are two 
tangents to a circle, then the radius of the circle is 
(a) 1 (b) 2 (c) 4 (d) 6 


48. The value of c, for which the line y = 2x + c is a 
tangent to the circle x 2 + / = 16, is 
(a) -16V5 (b) 20 

(c) 4>/5 (d) l6>/5 


49. The number of common tangents to circle 

x 2 +/ + 2x+8)'-23 = 0andx 2 +/-4x-10)/+9=0 is 
(a) 1 (b) 3 

(c) 2 (d) None of these 

50. If line ax + by = 0 touches x 2 +y 2 + 2x + 4y = 0 and 
is a normal to the circle x 2 +/-4x + 2)/-3 = 0, 
then value of (a, b) will be 

(a) (2,1) (b) (1,-2) 

(c) (1,2) (d) (-1,2) 


51. The locus of a point which moves so that the 
ratio of the length of the tangents to the circles 
x 2 +/ + 4x+3 = 0 andx 2 +/-6x+5 = 0 is2:3, 
is 

(a) 5x 2 + 5/-60x + 7 = 0 

(b) 5 x 2 + 5/ + 60x-7 = 0 

(c) Sx 2 + 5/ - 60x -7 = 0 

(d) 5x 2 + 5/ + 60x+7 = 0 
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Assertion and Reason Type 

(a) Statement-1 is true, Statement-2 is true, Statement-2 
is a correct explanation for Statement-1. 

(b) Statement-1 is true, Statement-2 is true, Statement-2 
is not a correct explanation for Statement-1. 

(c) Statement-1 is true, Statement-2 is false. 

(d) Statement-1 is false, Statement-2 is true. 

52. Statement-1: Suppose ABCD is a cyclic quadrilateral 
inscribed in a circle of radius one unit then ABCD 
is a square. 

Statement-2 : A cyclic quadrilateral is a square if 
its diagonals are the perpendicular diameters of 
the circle. 


53. Statement-1 : Number of circles passing through 
the points (1> 2) > ( 3 * ^ )’ (^ ’ f ) ‘ S ° ne ' 

Statement-2 : Through three non-collinear points 
in a plane only one circle can be drawn. 

54. Statement-1 : Equation of a circle through the 
origin and belonging to the coaxial system, of 
which the limiting points are (1,1) and (3,3) is 

2x 2 + 2y 2 -3x-3y=0. 

Statement-2: Equation of a circle passing through 
the points (1, 1) and (3, 3) is 
x 2 + y 2 -2x-6y + 6 = 0. 

55. Let (1 + ax) n = 1 + 8x + 24X 2 +.and there exists a 

line through the point (a, n) in the cartesian plane. 
Statement-1 : If the line through P(a, n) cuts the 
circle x 2 + y 2 = 4 in A and B then PA PB = 16. 
Statement-2 : The point (a, n) lies outside the 
circle. 

56. Statement-1: Through a fixed point (h, k) secants 
are drawn to the circle x 2 + y 2 = r 2 then the locus 
of the mid points of the secants intercepted by the 
circle is x 2 + y 2 = hx + ky. 

Statement-2 : The equation of the chord having 
mid point at (xi, yi) is xx, + yy, =xf +y 2 . 


Comprehension Type 


Paragraph for Q. No. 57-58 
An equation of the family of circles passing through a 
given pair of points (xi.yi) and (x 2 , >*2) can be taken as 
x y 1 


(x - Xj)(x - x 2 ) + (y - y,)(y - y 2 ) + k *, yi 1 =0, 


*2 yi 1 

k being a real parameter. If a member of this family 
satisfies some other condition then that enables us to 
determine k and hence the member. 


o 


57. The number of values of X e R for which there 
exists exactly one circle passing through the points 
(2, -3) and (X, 2X - 1) and touching the line 
16x- 2y + 27 = 0, is 

(a) 0 (b) 1 

(c) 2 (d) Infinitely many 

58. There exist exactly two circles that pass through 
(3, -5) and (5, -3) and touch the line 2x + 2y + 13 = 0. 
Let the ratio of radii of the two circles be min with 
m(> 0) and n(> 0) having no common factors 
except 1. Then (m + n) equals 

(a) 2 (b) 3 (c) 5 (d) 7 

Paragraph for Q. No. 59 to 61 
Cj, C 2 are circles of unit radius with centres at 
P(0, 0) and Q(l, 0) respectively. C 3 is a circle of unit 
radius which passes through P and Q and having its 
centre 'R' above x-axis. 

59. The length of a common tangent to the circles 
C 2 andC 3 is 

(a) 2 (b) >/3/2 (c) 1 (d) 5 

60. The equation of a common tangent to C ( and C 3 
which does not intersect C 2 is 

(a) >/ix - y + 2 = 0 (b) >/3x-y-2 = 0 

(c) x + >/3y-2=0 (d) None of these 

61. The length of the common chord of the circles on 
PQ and PR as diameters is 

(a) 1/2 (b) V3/2 (c) 2 (d) 1 

Matrix-Match Type 

62. Match the following. 


Column-I 

Column-11 

(A) 

A circle cut off an intercept of 8 
unit on the x-axis and k units on 
y-axis. If tangent at (9,3) is parallel 
to y-axis, then k is equal to 

(P) 

12 

(B) 

Ify = 2[2x - 1] - 1 = 3[2x - 2] + 1 
then the values of [y + 5x] can be, 

[ ] denotes the G.I. F 

(q) 

8 

(C) 

The number of solution of 
equation cosxVl6sin 2 x =1 in 
(-Ji, n) is 

(r) 

7 

(D) 

If one root of the equation ( a - 6)x 2 
-(a- 6)x + 10 = 0 is smaller than 

1 and the other root greater than 2 
then the value of a can be 

(s) 

6 



(t) 

4 
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63. Match the following. 


Column-I 

Column-II 

(A) 

If a circle passes through A(l, 0), 

B(0, -1) and such 

that the tangent at B makes an 
angle 0 with line AB then tan0 
equals 

(P) 

-4 

(B) 

From a point (h, 0) common tangents 
are drawn to the circles x 2 + y 2 = 1 
and (x - 2) 2 + y 2 = 4. The value of 
h can be 

(q) 

-2 

(C) 

If the common chord of the circle 
x 2 + y 2 = 8 and (x - a) 2 + y 2 = 8 
subtends right angle at the origin 
then a can be 

(r) 

1 

(D) 

If the tangents drawn from (4, 
k) to the circle x 2 + y 2 = 10 are at 
right angles then k can be 

(s) 

2 



(t) 

4 


Integer Answer Type 

64. The centres of two circles Q and C 2 each of unit 
radius are at a distance of 6 units from each other. 
Let 'P be the midpoint of the line segment joining 
the centres of C, and C 2 and C be a circle touching 
circles Q and C 2 externally. If a common tangents 
to Cj and C passing through P is also a common 
tangent to C 2 and C. Then the radius of the circle 
Cis 

x 2 x 2 

65. If the curves — + y 2 = land — + y 2 =1 for 

4 a 1 

suitable value of a cut on four concyclic points, 
then find the radius of the smallest circle passing 
through these 4 points. 

66. The number of integral values of a for which the 
point (a - 1, a + 1) lies in the larger segment of 
the circle x 1 +y 1 -x-y- 6 = 0 made by the chord 
whose equation isx+y-2 = 0is 

67. Radius of the smallest circle that can be drawn 
to pass through the point (0, 4) and touching the 
x-axis is 


1. (b): The point of intersection is 
x = a cos0 + b sin0 

y = a sin0 - b cos0 

.-. x 2 + / = a 2 + b 2 . 

which is an equation of a circle. 

2. (c): Radius = V(l-4) 2 +(2-6) 2 = 5 
Hence the area is given by nr 2 = 25 tt sq. units. 

3. (c) : Let the equation of circle be x 2 + y 2 + 2 gx + 
2fy + c = 0. Now on passing through the points, we 
get three equations. 

c = 0, a 1 + 2ga + c = 0, b 2 + 2jb + c = 0 
a b 

On solving them, we get g = 

Hence, the centre is ^ 

4. (b):Two, centre of each circle lying on the 
perpendicular bisector of the join of the two points. 

5. (d) : Since, the centre of the circle 
Equation of circle is 


m 


is (H 

6. (a): According to the question, the required circle 
passes through (0,-1). 

.'. The radius is the distance between the points 
(0, -1) and (1, -2) i.e., -Ji. 

Hence the equation is (x-l) 2 +(y+2) 2 =(V2) 2 
=> x 2 +y 2 -2x + 4y + 3 = 0 

7. (d) : If c = 0; circle passes through origin. 

8. (d) : Perpendicular bisector of join of the two points 
(a, 0) and (-a, 0) i.e., x = 0. 

9. (d) 

10. (c): Both the circles given in option (a) and (b) 
satisfy the given conditions. 

11. (b):The centre of the circle which touches each 
axis in first quadrant at a distance 5, will be (5, 5) and 
radius will be 5. 

... (x-hf + iy-W^a* => (x-5) 2 + (y-5) 2 = (5) 2 
=> x 2 + / - lOx - lOy + 25 = 0 

12. (b): Radius of circle = perpendicular distance of 
tangent from the centre of circle 

=> r-mM-JS 


Hence the equation of required 
circle is 
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(x- l) 2 +(y-2) 2 =(>/2) 2 
=> x 2 +y 2 -2x-4y + 3 = 0. 


13. (d): Given, equation of circle is 

x 2 + y 2 - 3x - 4y + 2 = 0 and it cuts the x-axis. 

x 2 + 0-3x+2 = 0 => x 2 - 3x + 2 = 0 
=> (x - l)(x - 2) = 0 => x = 1. 2. 

/. The points are (1, 0) and (2,0). 

14. (c): We have, centre (2, - 3), circumference = 107t 
=* 2nr = 1071 => r = 5 

.-. (x - 2) 2 + (y + 3) 2 = 5 2 

=> x 2 + y 2 - 4x + 6y + 13 = 25 

=> x 2 +y 2 -4x + 6y-12 = 0, 

which is the required equation of the circle. 

15. (a): As «—»«>, polygon becomes a circle and 
perimeter of circle = 2nR. 

16. (b) : The equation of circle through points (0, 0), 
(1, 3) and (2, 4) is x 2 + y 2 - lOx = 0 

Point (k, 3) will be on the circle. 

.-. Jt 2 - lOfc + 9 = 0 

=> (it - 9)(fc - 1) = 0 =* k = 1 or k = 9. 

17. (d): According to question two diameters of the 
circle are 2x + 3y + 1 = 0 and 3x - y - 4 = 0 

On solving, we get x = 1, y = - 1 
.•. Centre of the circle is (1, -1) 

Given 2nr = 10rt => r = 5 

.•. Required circle is (x - l) 2 + (y + l) 2 = 5 2 

or x 2 +y 2 -2x + 2y-23 = 0 


18. (a) : x t , x 2 are roots ofx 2 + 2x-3 = 0 
=> x, + x 2 = -2 => ^^- = -1 

y„ y 2 are roots of y 2 + 4y - 12 = 0 


=> y, +y 2 =—4 

Centre of circle 


, Zl±Zi - 


sia.Maj.H.-a, 


19. (b): Since, the perpendicular drawn on chord from 
centre bisects the chord. » 


.-. NM = a, OM = y 
Now, (ON) 2 = (OM) 2 + (MN) 2 
=> x 2 = y 2 + a 2 
=> x 2 - y 2 = <j 2 



20. (d): Any line through (0, 0) be y - mx = 0 and 
it is a tangent to circle (x - 7) 2 + (y + l) 2 = 25, if 
—i—7m _3 _4 



Therefore, the product of both the slopes is -1. 



Hence the angle between the two tangents is —. 

21. (b): Here the equation of AB (chord of contact) is 
0 + 0 - 3(x + 0) - 4(y + 0) + 21 = 0 
^ 3x + 4y - 21 = 0 ...(i) 


( 0 , 



CM = perpendicular distance from (3, 4) to line (i) 
_ 3x3 + 4x4-21 _4 
>/9 + 16 

AM = J AC 1 -CM 2 


\ 25 5 


.-. AB = 2AM = lj21 

22. (c): Since intersection ofy = mx + c and x 2 +y* = a 2 

„(44) 

^ > (-a 2 m 

Hence, point of contact is y —-—, — J. 

23. (b): Point is inside, outside or on the circle as S| 
is <, > or = 0. For point (- 2, 1), Sj < 0. 


24. (a): Points where x + 7 = 0 meets the circle 
x 2 + y 2 = 50 are (-7,1) and (-7, -1). Hence equations 
of tangents at these points are -lx ± y = 50 or 
7x ± y + 50 = 0. 


25. (d): The equations of tangents to the given circle 
will be 5x +12y = 169 and 12x -5y = 169. Obviously 
the angle between the tangents is 90°. 


26. (c): Centre is (2, -1). 


|3(2)-l| 

I vio r^o£. 


Now draw a perpendicular 
on x - 3y = 0, we get 


| 2—3(—1) 1 5 

I n/io | Vio 



Y 


27. (c) : Any line parallel to x + 2y = 3 is x + 2y + X = 0 
and for this to be a normal to the given circle, it must 
pass through its centre (1,0), i.e. X = -1. 

So, equation of normal is x + 2y - 1 = 0. 
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28. (b) : Let equation of line be y = mx or y - 
Then applying condition for tangency, 



= 5 =>25+16m 2 + 40m = 25 +25m 


mx = 0 


2 40 

=> 9m — 40m =0 => m = 0 or m = — 

9 

29. (a): Let the point be (2, /), then 
2 2 +/ 2 = 13 => / = ±3 

Hence the required tangents are 2x ± 3y = 13. 

30. (d) : Required circumcentre is the mid-point of 
(0, 0) and (-g, -f) i.e., ("f *-{)• 


31. (d): Centre of circle is of type (c, c) and radius is 

14c+3c — 121 FT 

-= Vr =>c = 6 


32. (c) : Forx = 0,wegety 2 -6y + 9 = 0or(y-3) 2 = 0 
i.e., point of contact is (0, 3). 

33. (c) : Apply for tangency of line, centre being (0, 2) 
and radius = 2 



34. (b): Line y = mx + 


is a tangent if c = 


.'. y = mx+ 5>/l + m 2 

35. (b): Length of tangent is yjs^. 


Equation of circle is x 2 +y 2 -= 0 

2 a 

Hence S,=a 2 +p 2 - 


36. (c) 

37. (a): Length of tangent = yjx 2 +yf+2gx i +2fy l +c 

38. (a): Substituting x = -- in equation of circle, 

4 

we get a quadratic in y. Solving, we get two values of 
y as 2 and - 6 from which we get value of x as 4 and 
-2 respectively. 

39. (c): Equation of tangent is ax + by - r 2 = 0. 

40. (a): SS, = T 2 

=> (x 2 +y 2 -2x + 4y + 3)(36+25-12-20+3) 

= (6x-5y-x-6+2(y-5)+3) 2 
=> 7x 2 + 23y 2 + 30xy + 66x + 50y - 73 = 0 


41. (d): Equation of a tangent at (a cosa, a sina) to 
the circle x 2 + y 2 = a 2 is ax cosa + ay sina = a 2 . 
u .. acosa 

Hence its gradient is- ; -= -cota. 


42. (c): Equation of circles yx y = mx + c 



=> X 2 +4mcX.+4a 2 (l + m 2 )-4c 2 =0 

.-. X { X 2 = 4(<j 2 (1 + m 2 ) - c 2 ] => g,g 2 = [a 2 (1 + m 2 ) -c 2 ] 


and^ 2 +/,/ 2 =- 
Hence c 2 = a 2 (2 + 

43. (b): We have, 


a 2 (l+m 2 )—c 2 = 


- = ±V2 2 +4 : 


V ¥ +4^ 

> -10 - X = ±25 =>X = -35,15 


44. (c): Obviously, tangents from origin will be 
perpendicular if it touches both axes i.e., a = b or 
a 2 = b 2 . 

IS) 


9" 


45. (c): Accordingly, a 2 + P 2 - 4a - 5 = a 2 + p 2 + 
6a - 2P + 6 

=> 10a-2P+11 = 0 

46. (b): Since the tangents are parallel, therefore the 
distance between these two tangents will be its diameter 

34 34 

i.e., diameter = , = — j= 

V180 6V5 

Hence, radius =—7=. 

6v5 


47. (a): Given tangents are 

5x - 12 y + 10 = 0, 5x - 12y - 16 = 0 


■- 

2'Ja 2 ^b‘ 
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48. (c) : We have, a = 4, m = 2 _ 

c = ±4 n/T+ 4 = ±4>/5 [v c=±a\l+m 2 J 

49. (c):x 2 +y 2 + 2x+8y-23 = 0 

.-. C 1 (-l,-4),r 1 =2>^0 

Again x 2 + y 2 - 4x - lOy + 9 = 0 

.-. C 2 (2,5),r 2 =2-Js 

/. C,C2=n/ 9+81= 3VlO = 9.486, 

r 1 +r 2 =2(>^0 + >/5) = 10.8 

r, - r 2 = 2Vi(>/2 -1) = 2 X 2.2 x 0.4 = 4.4 X 0.4 = 1.76 

Thus, - r 2 < CjC 2 < + r 2 ^ Two tangents can 

be drawn. 

50. (c) : As the line ax + by = 0 touches the circle 
x 2 + y 2 + 2x + 4y = 0, distance of the centre (-1, -2) 
from the line = radius 

=> I ~, a ~ 2b 1 = V(-1) 2 +(-2) 2 => (a+2b) 2 =5(a 2 +b 2 ) 
\\a 2 +b 2 | 

=» 4a 2 - 4 ab + b 2 = 0 => (2« - b) 2 = 0 => b = 2a 
Also, ax + by = 0 is a normal tox 2 +y 2 -4x + 2y-3 = 0, 
so the centre (2, -1) should lie on ax + by = 0. 

.-. 2a - b = 0=> b = 2a. Hence, a = 1, b = 2. 

51. (d) : Let the point be (xj, yi). 

. . .. Jxt + y? +4xi +3 2 

According to question, ’ 1 1 1 = - 

yjx 2 +yj- 6x,+5 3 

Squaring both sides, + +4X| +3 = 1 

xf+yt-6 Xi + 5 9 

=> 9x 2 + 9y 2 + 36x, + 27 = 4xf + 4 y 2 - 24x, + 20 

=> 5Xj + 5y 2 + 60X| +7 = 0 

Hence, locus is Sx 2 + 5y* + 60x + 7 = 0. 

52. (d) 

53. (d):The points (l,2),^3,i j,^,^ j are collinear 

and no circle can be drawn from 3 collinear points. 
Also through 3 non-collinear points a unique circle 
can be drawn. 

54. (b) : Two members of the system of circles in 
statement-1 are the circles with centres at the limiting 
points and radius equal to zero i.e. 

(x - 1 ) 2 + (y - l) 2 = 0 and (x - 3) 2 + (y - 3) 2 = 0 
or x 2 + y 2 - 2x - 2y + 2 = 0 
and x 2 + y 2 - 6x - 6y + 18 = 0 


Equation of the coaxial system is 

x 2 + y 2 - 6x - 6y + 18 + Afx 2 + y 2 - 2x - 2y + 2) = 0 

which passes through the origin if A = -9 and the 

equation of the required circle is 

2x 2 + ly 2 - 3x - 3y = 0. So that statement-1 is true. 

Statement-2 is also true as the circle in it passes through 

(1, 1) and (3, 3) but does not lead to statement-1. 

55. (b) : We have, (1 + ox)" = 1 + 8x + 24X 2 + ... 

So, n<J = 8 „.(i) and ^ a 2 =24 _(ii) 

On solving (i) and (ii), we get a = 2 and n = 4 
PA-PB = (yfc) 2 = 2 2 +4 2 -4 = 16 

56. (a) : Equation of AB is 
xa + yP = a 2 + P 2 , it passes 
through (b, k). 

.-. hoc + Jtp = a 2 + p 2 
.'. Locus of (a, P) is 

x 2 +y 2 = bx + Jky 

57. (c) : There will exist exactly one circle if the line 
passing through A(2, -3) and B(A, 2k - 1) is parallel 
to the given line 16x - 2y + 27 = 0 

Also, if the point B(k, 2k - 1) lies on the line 16x - 2y 
+ 27 = 0, then we will have exactly one circle. 

Thus two values of k are possible. 

58. (a) : The line joining (3, -5) and (5, -3) has slope 
1 and thus it is perpendicular to 2x + 2y + 13 = 0. 
Hence the two circles will have same radii. 

59. (c) : RP = RQ = 1 =* R is point of intersection of 
Ci and C 2 in first quadrant. C 2 , C3 are circles of equal 
radii. 

=> Length of common tangent = QR 

60. (a) : A PQR is equilateral => ZRPQ = 60° 
Hence, the required equation is >/3x - y + 2 = 0 

61. (b): Common chord is the altitude through P in 
A PQR. 

62. (A)->(s), (B) -> (q,r,s), C-+ (t), (D) -> (p,q,r) 

(A) OD = 6 
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(B) y = 2[2x] - 3 = 3[2x] -5=>[2x]=2=>y=l 
2 < 2x < 3 => 5 <, 5x < 7.5 =* 6 < 5x + y < 8.5 

[5x + y] = 6, 7 or 8. 

(C) 4|sinx| cosx = 1 
Solutions are possible if cosx > 0 

=> —<x<- =* -7t<2x<7t 
2 2 


sin2x = — 

-(4 

sin2x = - = 


-k -5k -n -5ti 

—,—- => x = —,- 

66 12 12 


Jt 5n _k_ 5k 
6 ’ 6 ^ X_ 12 ’ 12 


(D) (a-6)/(l)<0=>a>6 

(<j - 6)f[2) <0=>6<a<13 

63. (A) -> (r), (B) -> (q), (C) -> (p,t), (D) -> (q,s) 

(A) Origin is the circumcentre. 

/. Equation of circle is x 2 + y 2 = 1 => 0 = — 



t 2 + 2r + l = r 2 + 8 + 9 = 


2r= 16 r = 8 


65. (1): | — a — by 2 -1 J+X| 

■W-i 




^ a 2 +4 A. 

[ 4 <j 2 (l+A) J 

Clearly radius is 1 unit. 

66. (l):S(x,y)=x 2 +y 2 -x-y-6 = 0 ...(i) 

has centre at 0 = 1—,— | 

U 2 ) 

According to the required conditions, the given point 
P(a - 1, a + 1) must lie inside the given circle, 
i.e. S(a - 1, a + 1) < 0 

=* (a - l) 2 + (a + l) 2 - (a - 1) - (a + 1) - 6 < 0 
=* a 2 - a - 2 < 0 => (a - 2)(a + 1) < 0 
=> -1 < a < 2 ...(ii) 

Also, P and C must lie on the same side of the line 


(B) A tangent to x 2 + y 2 = 1 is y = mx±\l + m 2 . 

\2m±yll + m 2 \ , 


It touches (x - 2) 2 + y 2 = 4 if r 


(C) Common chord of the given circles is 
(x 2 + y 2 — 8 ) - [(x - a) 2 + y 2 - 8] = 0 
=> 2x-a = 0 


Homogenising x 2 +y 2 -8 = 0 =>x 
It represents perpendicular lines 




32 


= 16=> a = ±4 


(D) (4, k) must lie on the director circle of the given 
circle, which is x 2 + y 2 = 20. Thus 16 + k 2 = 20 
=> k = ±2 

64. (8): We have, (r + l) 2 = a 2 + 9 
and r 2 + 8 = a 2 



L (x, y) = x + y - 2 = 0 ...(iii) 

i.e. L(l/2, 1/2) and L(a - 1, a + 1) must have the 
same sign. 

Since L|——2<0 
\2 2 ) 2 2 

L(a - 1, a + 1) = (a - 1) + (a + 1) - 2 < 0 
i.e., a < 1 ...(iv) 

Inequalities (ii) and (iv) together give the permissible 
values of a as -1 < a < 1. 

4+a 

67. (2): r = —-—, a>0 
when a = 0, smallest radius = 2. 
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► ~ (p a q) = (~p) v ( ~q) 

► ~ (p => q) = ~ {~P v q] = Ip a (-<?)} 

► ~ (pvq)s (~p) a (~q) 

~ (p => q) • [p a (~q)) 

► ~(p<=>q) = (pA~q)v(<?A~p) 


STATEMENT 

A sentence is called mathematically acceptable 
statement if it is either true or false but not both. A 
true statement is also known as a valid statement. If 
a statement is false, we call it invalid statement. 

Negation of a Statement 

The denial of a statement p is called its negation and 
we write it as ~p and read as ‘not p\ 

TYPES OF STATEMENT 

► Simple Statement: A statement which can not 
be broken into two or more statement is called a 
simple statement. 

► Compound Statement: A statement that can be 
formed by combining two or more simple statements 
is called a compound statement or compound 
proposition. 

LOGICAL CONNECTIVES 

Statements can be connected by using connectives 
like “and”, “or”, “implies”. 

► The compound statement with ‘And’ is true if all 
its component statements are true. 

► The compound statement with ‘And’ is false if any 
of its component statements is false (this includes 
the case that some of its component statements are 
false or all of its component statements are false). 

► A compound statement with ‘Or’ is true when one 
component statement is true or both the component 
statements are true. 

► A compound statement with ‘Or’ is false when 
both the component statements are false. 

QUANTIFIERS 

Many mathematical statements contain phrases ‘there 
exists’ and ‘for all’ or ‘for every’. These phrases are 
called quantifiers. 


> p implies q (denoted by p => q) 

> p is sufficient condition for q 

> q is necessary condition for p 

> p only if q 

* ~q implies ~p 
Contrapositive 

If p and q are two statements, then the contrapositive 
of the statement “If p then q is “if ~q then ~p”. 
Converse 

If p and q are two statements, then the converse of the 
implication “if p then q" is “if q then p". 

Inverse 

If p and q are two statements, then the inverse of “if 
p then q” is “if ~p then ~q.” 

► If and only if Implication : If p and q are two 
statements, then the compound statement 
p => q and q => p is called if and only if implication 
and is denoted by p <=> q. 

Conjunction 

► If two statements p and q are combined by the 
connective ‘AND’ (a), then the compound statement 
p a q so formed is called a conjunction. 

P * \ 

T _T_ T 

T F _ F 

F T F 

F F F 

Disjunction 

► If two statements p and q are combined by the 
connective ‘OR’ (v), then the compound statement 
pvqso formed is called a disjunction. 


IMPLICATIONS 

If any two simple statements can be combined by the 
word ‘if-then’, then it is called the implication and it 
is denoted by the symbol '=>’ or 
► If then implication : A sentence “if p then q can 
be written in the following ways : 


P 

JL 

T 

F 

F 


JL 

T 

F 

T 

F 


1M 

T 

T 

T 

F 
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Conditional (Implication) 

► If p and q are two simple statements, then the 
compound statement ‘If p then q’ is known as 
the conditional or implication and is denoted by 
P=><? or p->q. 



Biconditional (Double Implication) 

► If p and q are two statements, then the compound 
statement 'p if and only if q’ is known as the 
biconditional or double implication and is denoted 
by P « q or p q. 




VERY SHORT ANSWER TYPE 

1. Find lim (4x 2 +2). 


2. Find lim ---. 

w _><«,(n + l)!-n! 

x 2 -l 

3. Evaluate lim -. 

x _>_ 2 +2x + 4 

4. Find the derivative of 3x 10 w.r. to x. 

5. Let c denote contradiction and p be any statement. 
Then prove that p v c=p. 

SHORT ANSWER TYPE 


6 . 

7. 

8 . 


.. 1-VcosB 

lim---. 

9—>o e 2 

^ x(cosx + cos2x) 

0 sinx 

sinx-2sin3x + sin5x 


9. Evaluate lim --—. 

x-*0 x 

10. Find the derivative of 5sinx - llcosx +-y, 

w.r. to x. x 


LONG ANSWER TYPE - I 


, , sin (a + P) x + sin(a - P)x + sin 2ax 

11. Find lim--- 

x-»0 cos2px-cos2ax 


12. Evaluate lim - 


c mu -r. 

»!*(*-!) 

13. Find the derivatives of the following functions. 


14. Prove that the following statement is true. 

If x, y € Z such that x and y are odd, then xy is odd. 

15. Are the following statements negation of each other? 

(i) "x is not a rational number." 

"x is not a irrational number." 

(ii) "x is not a real number." 

"x is not an imaginary number." 


LONG ANSWER TYPE - II 

16. Find lim (>/x 2 +4x-V 

x 2 +2 

17. Differentiate- f 

x + 2 

I 3-x 2 ,x£-2 
ax+b,-2<x<2 
x 2 /2,x>2 

Find a and b so that lim f(x) and lim /(x) exist. 

19. For any three statements p, q, r prove that 
(i) p a (q v r) a (p a q) v (p a r). 

(ii) p v (<j a r) s (p v q) a (p v r). 

20. If a and P be the roots of equation ox 2 + bx + c = 0, 


then find lim 


if 


cos(cx 2 + bx + a) 
2(1-ax) 2 
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1. Since lim (4x 2 + 2) is not in indeterminate form: 

x —>—1 

/. lim (4X 2 + 2) = 4(-l) 2 + 2= 4 + 2 = 6 

2. lim 


-<» + !)!-»! 


= lim 


(H + l)l 


= lim 


- = 0 


(n + 1)! m + 1 

3. When x —»-2 + , x approaches -2 and x > -2 
.'. (x + 2) —> 0 + (i.e., x —> 0 from right) 
and when x —» -2 + , (x 2 - 1) —» 3 

Hence, lim —-- = lim —-— = °° 

x _»_ 2 + 2x + 4 x _»_ 2 + 2(x + 2) 

4. Let y = 3x 10 

Now, ^ = —(3x 10 ) = 3—(x 10 ) = 3 • 10x 9 = 30x 9 
dx dx dx 

5. Truth table for p v c is: 


Hence from truth table, pvc = p. 
1-Vcos0 


1 — cos 0 2si " 2 2 

= lim - , - x = urn — 


~ »"o e 2 (i+V^e)" H 0 2 (1+V^e) 


©—»o G 2 + >/cos0) 4 

.. x(cosx + cos2x) _ 


^ x(cosx + cos2x) 

0 sinx 


[Here factor (cos x + cos 2x), does not tends to zero, 
hence it is not necessary to simplify it.] 
cosx + cos2x 1 + 1 _ 


8. - 


sinx - 2sin 3x + sin5x 


n 3x) - (sin 3x - sin 5x) 


-2 cos 2x sin x + 2 cos 8x sin x 


• =2(1 - 1)1 =0 
. («*-!)-(&*-!) 


10. Let y = 5sinx-llcosx + — 






-11- 


x+-(x- 2 ) 


’ dx dx dx dx 

= 5 cos x- 11 (-sin x) - 2x -3 = 5cosx + llsinx —j 
sin (a + P)x + sin(a - P)x + sin 2ax 


II. lim - 


cos2|ix-cos2ax 


- form 


sin(a + P)x + sin(a - P)x + sin 2ax ^ 
. o 2 sin(a + P)x • sin(a - P)x 


x—*o , sin(a+P)x 
(a + P)x 
sin(a + P)x 


(a + P)x (a-p)x 


sin(«-^ 

(a + P)x P; (a-p)x P ' 


-x->0 2 sin( a + P)x . (a )x sin(«-P)x (a _ 

(a + P)x (a-P)x 

1 • (a + P) +1 • (a - P) +1 • 2a _ 4a 2a 

2 • l ■ (a + P) • l • (a - P) 2(a 2 -p 2 ) a 2 -p 2 

12. Put x = — + h. Asx -+ h -+ 0 


»■(!**). 
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2 sinft _ 1 2 $in/i _ j sinh j 

= lim 7-r— = lim-7-r- 

h ^ +h y h -*° sinh h (“-+*) 

=1o&2xix ^i = ^ 2 

13. (i) Let y = ———r 
4 + x z 

dy (4 + ^)£( 4 -^)-( 4-^).£-(4 + ^) 
dx (4 + x 2 ) 2 

(4 + x 2 )(0 - lx) - (4 - x 1 )(0 + 2x) 

= ^77? 

_ -8x - 2x 3 - 8x + 2x 3 _ -I6x 
(4 + x 2 ) 2 (4 + x 2 ) 2 

, 2x 4 +x 

(u) Let y = —-- 

3x-5 

dy (3x-5)|-(2x 4 +x)-(2x 4 +x)£(3x-5) 
dx (3x-5) 2 

_ (3x - 5)(8x 3 +1) - (2x 4 + x)(3) 

(3x-5) 2 

_ 24x 4 + 3x-40x 3 -5-6x 4 -3x _ 18x 4 -40x 3 -5 
(3x-5) 2 ” (3x-5) 2 


14. Let p: x, y e Z such that x and y are odd. 

And q : xy is odd. 

Then, we have to prove that xy is odd. 

We assume that p is true and show that q is true. 
p is true means x and y are odd integers. Then, 
x = (2m + 1) for some integer m 
and y = (2n + 1) for some integer n. 

xy = (2m + 1) (2m + 1) 

= (4 mn + 2m + 2n + 1) 

= 2(2 mn + m + n) + 1, which is clearly odd. 

Thus, p => q 

Hence, the given statement is true. 

15. (i) Let p: x is not a rational number, 
and q : x is not an irrational number. 

Then ~ p : x is a rational number, 
and ~ q : x is an irrational number. 

If x is a rational number, then x is not an irrational number. 

••• ~P = <1- 


Again if x is an irrational number, then x is not a 
rational number. 

~<? = P- 

Thus, p and q are negation of each other. 

(ii) Let p : x is not a real number, 
and q : x is not an imaginary number. 

Then ~ p : x is a real number, 
and ~ q : x is an imaginary number. 

If x is an imaginary number, then it is definitely not a 
real number. Therefore ~ q = p. 

Again if x is a real number, then x is definitely not an 
imaginary number. 

Therefore, ~ p = q. 

Thus p and q are negation of each other. 



[Here x —» - x = -V? for example 

-4 = ->/(-4) 2 = —Vl6] 



x 2 +2 

17. Let y = f( x ) = ±-±± ...(i) 

... dy_ Um f(x+h)-f(x) 
dx h-» o h 
(x + hf+2 x 2 +2 

= lim x + h + 2 -x±2_ 

h—>0 h 


o 
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_ l (x + 2)(x 2 +2xh + h 2 +2)-(x 2 + 2)(x + 2 + fa) 
h—>0 h (x + fa + 2)(x + 2) 

, l (x + 2)[x 2 + 2xh + h 2 +2-x 2 -2]- fa(x 2 + 2) 

= lim- 

h-*0 fa (x + fa + 2)(x + 2) 


r i /i(2x +fa) 

x 2 +2 

i[fa x + fa + 2 

(x + fa + 2)(x + 2)J 


x + 2 ( x + 2) 2 


2x(x + 2)-x 2 -2 
(x + 2) 2 


dx (x + 2) 2 
18. lim/(x) exists = 


=> 2a + b = 2 

Again, lim /(x) exists = 

*-*-2 X-*-2 X- 

=> lim (3-x 2 )= lim (ax+b) 
x-»-2 x—»-2 

=> -1 = - 2a + b 

Solving (i) and (ii), we get a = ^, fa = ^ 

19. (i) The truth table for p a (q v r) and 
(p a q) v (p a r) is : 


P 

<? 

r 

qvr 

P a q 

PAT 

P a (q v r) 

(PM) 
v (p a r) 

T 

T 

T 

T 

T 

T 

T 

T 

T 

T 

F 

T 

T 

F 

T 

T 

T 

F 

T 

T 

F 

T 

T 

T 

T 

F 

F 

F 

F 

F 

F 

F 

F 

T 

T 

T 

F 

F 

F 

F 

F 

T 

F 

T 

F 

F 

F 

F 

F 

F 

T 

T 

F 

F 

F 

F 

F 

F 

F 

F 

F 

F 

F 

F 


From the truth table it follows that 
p a (q v r) ■ (p a q) v (p a r) 

(ii) The truth table for p v (q a r) and 
(p v q) a (p v r) is : 


P 

q 

r 

<JAf 

p vq 

pvr 

p v (q a r) 

(p v q) 

a (p v r) 

T 

T 

T 

T 

T 

T 

T 

T 

T 

T 

F 

F 

T 

T 

T 

T 

T 

F 

T 

F 

T 

T 

T 

T 

T 

F 

F 

F 

T 

T 

T 

T 

F 

T 

T 

T 

T 

T 

T 

T 

F 

T 

F 

F 

T 

F 

F 

F 

F 

F 

T 

F 

F 

T 

F 

F 

F 

F 

F 

F 

F 

F 

F 

F 


From the truth table it follows that 
p v (q a r) a (p v q) a (p v r) 

20. Since a, P are the roots of equation ax 2 + bx + c = 0, 
therefore roots of equation cx 2 + fax + a = 0 will be 

— and -L 


.-. cx 2 + fax + a 
Required limit 


“a)H) 




cos{c(x-l/a)(x-l/P)| 

2(1-ax) 2 

l 2sin 2 {(c/2)(x-l/a)(x-l/p)} 
2(1-ax) 2 


sinl - (x - — Yx - - Ii 


U all pJi 


1-ax 

sJffx-lYx-i-ll 


ill aJl pJt 

c(ax-l)(px-l) 

iHH) 

2aP(l-ax) 


fe(H |v| " l=u " 


\2a{ct pj 
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16. (a) 17. (4) 18. (8) 19. (1) 20. (2) 
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MPP-fl MONTHLY 

IWII I VJ Practice Problems > 


T his specially designed column enables students to self analyse their 
extent of understanding of specified chapters. Give yourself four 
marks for correct answer and deduct one mark for wrong answer. 

Self check table given at the end will help you to check your 
readiness. 

Straight Lines 


'Class XI 



Total Marks: 80 


Time Taken: 60 Min. 


Only One Option Correct Type 

1. Locus of a point that is equidistant from the lines 
x + y - 2>/2 = 0 and x + y- V2=0is 

(a) x + y-5>/2 = 0 (b) x + y- 3>/2=0 

(c) 2x + 2y- 3>/2 = 0 (d) 2x + 2y-5>/2=0 

2. If the algebraic sum of the distances of points (2,1), 
(3, 2) and (-4, 7) from the line)' = mx + c is zero, 
then this line will always pass through a fixed point 
whose co-ordinate is 

(a) (1,3) (b) (1,10) 

(c) (1,6) (d) fl, y) 

3. A straight line through the origin O meets the 
parallel lines 4x + 2y = 9 and 2x + y + 6 = 0 at points 
P and Q respectively. Then, the point O divides the 
segment PQ in the ratio 

(a) 1:2 (b) 3:4 

(c) 2:1 (d) 4:3 

4. The equation of a straight line passing through 
(3, 2) and cutting an intercept of 2 units between 
the lines 3x + 4y = 11 and 3x + 4y = 1 is 

(a) 2x + y - 8 = 0 (b) 3y-4x + 6 = 0 

(c) 3x + 4y-17 = 0 (d)2x-y-4 = 0 

5. In triangle ABC, equation of the right bisectors of 

the sides AB and AC are x + y = 0 and y - x = 0 
respectively. If A s (5,7) then equation of side BC is 
(a) 7y = 5x (b) 5x = y 

(c) 5y = 7x (d)5y = x 


6. ABC is a right angled isosceles triangle, right angled 
at A(2, 1). If the equation of side BC is 2x + y = 3, 
then the combined equation of lines AB and AC is 

(a) 3x 2 -3y 2 + 8xy + 20x+ 10y + 25 = 0 

(b) 3x 2 -3y 2 + 8xy-20x-10y + 25 = 0 

(c) 3x 2 -3y 2 + 8xy+10x+15y + 20 = 0 

(d) none of these 

One or More Than One Option(s) Correct Type 

7. If the lines x-2y-6 = 0,3x + y- 4 = 0 and 
Ax + 4y + A, 2 = 0 are concurrent, then 

(a) A = 2 (b) A = -3 

(c) A = 4 (d) X = -4 

8. If p t and p 2 are the lengths of the perpendiculars 
from the origin to the straight lines 

xsec 0+y cosec0 = a andx cos 0 -y sin 0 = a cos 20 

respectively, then the value of 4p 2 + p 2 is 

(a) 4a 2 (b) 2a 2 

(c) a 2 (d) none of these 
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9. If one of the lines given by the equation 

Zjc 2 + pxy + 3)^=0 coincide with one of those 
given by 2X 2 + qxy - 3y 2 = 0 and the other lines 
represented by them are perpendicular, then 

(a) p = 5 (b) p = - 5 

(c) <J = -1 (d) q = l 

10. The equation x 3 + x 2 ? - tv? =/ represents 

(a) three real straight lines 

(b) lines in which two are perpendicular to 
each other 

(c) lines in which two are coincident 

(d) none of these 

11. The equation of the line passing through the point 

V3 

(1,0) and at a distance — from the origin is 
(a) y[3x + y-y/3 = 0 (b) x + 73y-73=0 

(c) yj3x-y-y/3 = 0 (d) x-73y-73 = 0 

12. Two particles start from the same point (2,-1) one 
moving 2 unit along the line x + y = 1 and the other 
5 unit along x - 2y = 4. If the particles move towards 
increasing y, then their new position will be 

(a) (2-V2.V2-1) (b) (2>/5 +2,75-1) 

(c) (2 + 72,72+1) (d) (275-2,75-1) 

13. Angles made with the x-axis by a straight line 
drawn through (1,2) so that it intersects x + y = 4 at 
a distance 76/3 from (1,2) are 

(a) 105° (b) 75° 

(c) 60° (d) 15° 

Comprehension Type 

The line 6x + 8 y = 48 intersects the co-ordinate axes at 
A and B, respectively. A line L bisects the area and the 
perimeter of the triangle OAB where O is the origin. 

14. The number of such possible lines is 

(a) 1 (b) 2 

(c) 3 (d) more than 3 


Matrix Match Type 


16. Match the following. 


Column I 

Column II 

P. 

The number of integral values 
of V for which the point 
P(a, a 2 ) lies completely inside 
the triangle formed by the lines 
x = 0, y = 0 and x + 2y = 3 

1 . 

1 

Q. 

If the points (A + 1,1), (2A + 1,3) 
and (2k + 2, 2k) are collinear, 
then the value of k is 

2. 

4 

R. 

The reflection of the point 
(f —1,2/ + 2) in a line is (2f + 1 , t) 
then the line has slope equals to 

3. 

0 

S. 

In a A ABC the bisector of angles 
B and C lie along the lines 
x = y and y = 0. If A is (1, 2), 
then 7l0d(A, BC) is (where 
d(A, BQ represents distance of 
point A from side BQ 

4. 

1 

2 


P Q R S 

(a) 3 4 1 2 

(b) 2 4 1 3 

(c) 4 2 3 1 

(d) 4 1 3 2 

Integer Answer Type 

17. If the equation 12X 2 - lOxy + 2/ + 1 lx - 5y + A = 0 
represents a pair of straight lines, then the value of 
2A 2 - 5 is equal to 

18. If (a, P) be the co-ordinates of incentre of the 
triangle whose vertices are (4, -2), (-2, 4) and 
(5,5), then the value of a + P must be 

19. If the angle between the pair of straight lines 
y^in 2 © - xysin 2 0 + x 2 (cos 2 0 -1) = 0 is 0, then the 
value of sin 3 <)> + 3 sin 0 + 2 must be 

20. If G be the centroid and 1 be the incentre of the 
triangle with vertices A(-36, 7), B(20, 7) and 


15. The line L does not intersect 
(a) AB (b) OA 

(c) OB (d) none of these 


C(0, -8) and GI = ^^5) ^ , t j ien ^ va i ue 0 f \ 
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CONCEPT 

MAP 


► LINEAR INEQUALITIES 



Linear Inequality in One Variable 

' A linear inequality which has only one variable, is called 
linear inequality in one variable. 

1 Solution of Linear Inequality in One Variable : Any 

solution of an inequality in one variable is a value of variable 
which makes it a true statement. The set of all solutions of 
an inequality, is called the solution set of the inequality. 


Linear Inequality in Two Variable 

• An inequality of the form ax + by + c > 0, ax + by + c < 0, 
ax + by + c > 0 or ax + by + c < 0, where a* 0 and b* 0, is 
called a linear inequality in two variablesxandy. 

• The region containing all the solutions of an inequality, 
iscalledthesolution region. 

Algorithm 


Graphical Representation of Intervals on the 
Real Number Line (x-axis) 

< -2 -1 0 1 2 >0 ° 

(i) <—•->»,xe [3,oo),3Sx<~ 


(ii) «- 

4 

■» ,xe (~°°,4), —oo<x<^ 

(iii) j- 

5 

»,xe [-1,5), -1 <x<5 

( iv) <-^- 

0 

» ,xe (-1,0),-1 <x<0 


6 

■>oo,xe (-oo, 2) U [6, oo) 


◄ 


• Convert the inequality ax + by + c < 0, into equation 
ax+by+c=0 

• Draw the straight line ax + by + c = 0 which divides 
the plane into two half planes as ax + by + c < 0 (or) 
ax + by + c>0 

• Choose a point not on the line if possible (0, 0) and 
substitute in the inequation. 

• If the point satisfies the inequation ax + by + c < 0, then 
the half plane containing the origin represents the 
inequation and the other plane represents ax + by + c > 0 

Note: In case of strict inequality, draw the dotted straight 

line, otherwise draw thickline. 











DETERMINANTS i 


CONCEPT 

MAP 



Minors and 

/ Cofactors \ 

/ • For any matrix A = [«y]„ xn , if \ 

■ we leave the row and the column of 
the element ay, then the value of \ 
determinant thus obtained is called the j 
\ minor of fly and it is denoted by My. j 

\ • The minor My multiplied by (-1)' + -' / 
\ is called the cofactor of the element j 
\ a,-. and denoted by A,;. / 

\ , A ir ^My / 


Properties 

y' • The value of a determinant remains \ 
unaltered if its rows and columns are 
interchanged. \ 

• If two rows (or columns) of a determinant are \ 

. interchanged, the value of the determinant is multiplied ^ 

' by-1. \ 

• If any two rows (or columns) of a determinant are identical, then 
the value of determinant is zero. 

• If the elements of a row (or column) of a determinant are 
multiplied by any scalar, then the value of the new determinant is j 

\ equal to same scalar times the value of the original determinant. / 
\ • If each element of any row (or column) of a determinant is the / 
sum of two numbers, then the determinant is expressible as / 

\ the sum of two determinants of the same order. / 

Note: (i) If |A| = 0, then the matrix is singular. / 

\ (ii) If |A| * 0, then the matrix is non- / 


singular. 


/ 


Adjoint ot a 
Matrix 

/ Let B = [Ay] be the matrix of \ 


! cofactors of matrix A= [ay]. Then 
j the transpose of B is called the 
\ adjointofmatrixA. 

\ / 


\ 


Properties of 
adj (A) 

' • A(adj A) = (adj A) A 
= \A\I„ 

■ adj (AB) = (adj B) ■ (adj A) 

• |adj A| = |A|" _I , where n is the 
order of A. 

k. • adj (adj A) = |A|" -2 A 
\=> | adj (adj A)| = \A\ (n ~ l)2 /' 


/ 



Properties 


/ Inverse of 

/ a Matrix \ / 

/ For any square matrix '• / . Ji 

i A, inverse of A is defined A , , 

i ,i r \ - p-‘ a * 1 


\\A\* 


[AB)' 1 = BT 1 A" 
(ABC)" 1 = Cr l B _1 A' 


Area of a 
Triangle \ 

, ■ Let ABC be a triangle with 
\ I vertices A[x lt y x ), B(x 2 , y 2 ) 
jS and C[x 3 , y 3 ), then area of 
‘ AABCis 

i "* ■ 

/ 


Solution of System 
of Linear Equations 

Let AX=B be the given system of \ 

/ equations: 

• If | A | * 0, the system is consistent and has 
one unique solution. 

• If |A|=0 and (adj A)B*0, then the system is 
inconsistent and hence it has no solution. 

\ • If |A| = 0 and (adj A)B = O, then the system 
V may be either consistent or inconsistent / 
according as the system has either y 
\ infinitely many solutions or no / 
\ solution. / -/ 























BRAIN (jp WORK 


VECTOR ALGEBRA AND THREE DIMENSIONAL GEOMETRY 



1. Any four non-zero vector will always be 

(a) linearly dependent (b) linearly independent 
(c) either (a) or (b) (d) none of these 

2. If a=xi+(x-l)j + k and b=(x+l)/+ j+ak 
always make an acute angle with each other for 
every value of x e R, then 

(a) a e (-<»,2) (b) ae (2,~) 

(c) a e (-oo, i) (d) a£(l,oo) 


3. Let a, b, c be unit vectors such 
a + b+c = x, a x = 1, b x = ~, |x|=2, 
angle between c and x is 

(a) cos -1 (^) (b) cos -1 f ^ I 


(c) < 


li) 

■ 1 !) 


(d) cos 


I!) 


that 

then 


4. Let a,b, c be three unit vectors such that 
a+5b+3c = 0, then a{bxc) is equal to 
(a) ab (b) a (b+2c) 

(c) b(d+c) (d) none of these 


5. A, B, C and D are any four points in the space. If 
| AB x CD + BC x AD + CA x BD | = , where 

A AB c is the area of triangle ABC, then X is equal to 
(a) 2 (b) 1/2 (c) 4 (d) 1/4 


6. Let a, b, c be any three vectors, then 
[a+b,b + c,c+a] is always equal to 
(a) [ a,b,c] (b) 2 [a,b,c] 

(c) zero (d) none of these 


7. Let a, b, c be any three vectors, then 
[a x b, b x c, c x a] is also equal to 


(a) [ a,b,cf (b) ~{a,b,cf 

(c) zero (d) none of these 

8. ix(axi)+jx(axj) + kx(ax k) is always equal to 

(a) a (b) -a (c) 2 a (d) -2a 

9. Condition for the equations rxa=b and 
r x c = d to be consistent, is 

(a) b c+a d =0 (b) a b=c d 

(c) b e =a d = 0 (d) a b+c d = 0 


10. If the vector i-ij+Sk bisects the angle between 
a and - i +2 j + 2k , where a is a unit vector, then 

(a) a=— (41i + 88/-40k) 

105 1 

(b) a =^(41/ + 88} + 40fc) 

(c) a=^(-41/ + 88;'-40it) 

(d) a = (41k- 88 j - 40k) 

11. Distance of P(p) from the plane rn = 0 is 

IP X "I 

i f . 5 , |s| 

(c) |_| (d) none of these 

12. Distance of P(p) from the line r=a + Xi is 

L ap~3)b)b\ 

<*> 


(a) | jp'W I 


(b) 


\b? 
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(c) (5-p) + 


((p-b)b)b\ 

1 5P I 


(d) none of these 

13. The line r = a + Xb will not meet the plane r n = q 
provided 

(a) bn=0, a n=q (b) b n*0,a n*q 
(c) bn=0,dn*q (d) bn*0,dfi = q 

14. The plane r n=q will contain the line r=a + Xb 
provided 

(a) bn*0,dii*q (b) bn=0,dfi*q 
(c) b-n=0, a n=q (d) bfi*0,dn = q 

15. If the projection of point P(p) on the plane 
r n = q is the point S(s), then 


(c) s = p- 


l»P 

(pw)» 

' l»P 


(d) S = p- 


mp 

(q-p-n)n 

l«P 


16. Let a and b be unit vectors and are perpendicular 
to each other, then [a+(axb),b + (axb),axb] 
will always be equal to 

(a) 1 (b) zero 

(c) -1 (d) none of these 

17. If a = b+c, bxd=0, cd = 0 then the vector 
dx(axd) . 


| 3 P 


- is always equal to 


(a) a (b) d (c) b (d) c 

18. Let a and b are two unit vectors that are mutually 
perpendicular. A unit vector that is equally inclined 
to a, b and axb is 

(a) -L(a+b+axb) (b) ]-(dxb+d+b) 
v 2 2 


(c) -^(a+b+axb) 

S 

, a=i+j+k,b=j-k,c 
5c=3,dxc = b,then 


(a) c = -(k+4j+k) (b) c=\(-i + 8j+k) 


(d) axb+a+b ) 

be a vector such that 


20. For any arbitrary vector a the expression 
(d i)(dxi)+(d j)(dxj)+(d k)(dxk) is always 
equal to 

(a) d (b) 2d 

(c) 3d (d) none of these 

21. If a satisfies the equation ax(i+2j+k) = i-k, 
then a is equal to 

(a) ti + (2\-l)j + Xk,\eR 

(b) Xi + (l-2X)"j + Xk, XeR 

(c) Ai + (l + 2X); + >.ik, XeR 

(d) Xi-(l+2X)j+Xk,XeR 

22. Let a and b are two non collinear vectors such 
that |3| = 1. The angle of a triangle whose two 
sides are represented by the vector Vi (axb) and 
b-(a b)d are 

(a) £,*,! (b) 

2 4 4 2 3 6 

(c) —, —(d) none of these 
2 12 12 

23. Let b and c are unit vectors, then for any arbitrary 
vector a, (((axb)+(5xc))x(bxc))-(b-c) is 
always equal to 

(a) |a| (b) i|3| (c) i|d| (d) 0 

24. Angle between i and the line of intersection of the 
planes r (i+2j + 3k) = 0 and r (3f+ 3; + fc)=0 
is equal to 

(a ) cos_l ( 5 ) 

w 

25. If Q(q) is the image of P(i+3j+k) in the plane 
r • (-2 i+j-4k) =3 then q is 

(a) I(<-25}-12fc) (b) ^(i-25j + l2k) 

(c) ^(i+25j-l2k) (d) j(-i +25j-9k) 

26. T is the incentre of triangle ABC, whose 
corresponding sides are a, b, c respectively. 
alA+bIB+cIC is always equal to 

(a) 0 __ (b) (a+b+c)BC 

(c) ( d+b+c)AC (d) ( a+b+c)AB 


(b) “ r 'fe) 

(d) none of these 
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27. a=2i+j + k,b=i+2j-k and a unit vector c 
are coplanar. If c is perpendicular to a, then 


= VT 


(d) c = -j=(i-2k) 


(c) c = -j=(i-2~j) 

58. A directed line segment makes angles a, P, y with 
the coordinate axes. The value of Zcos2a is always 
equal to 

(a) -I (b) 1 (c) -2 (d) 2 


29. The locus represented by xy + xz = 0 is 

(a) a pair of perpendicular lines 

(b) a pair of parallel lines 

(c) a pair of parallel planes 

(d) a pair of perpendicular planes 


30. The plane 2x - 3y + 6z - II =0 makes an angle 
sin _1 (<j) with x-axis. The value of‘a’ is equal to 

(a) ^ (b) ^ (c) \ (d) ^ 


31. The equation of the right bisecting plane of the 
line segment joining the points A = (a, a, 2a) and 
B s (-a, -a, a) is 

(a) x + y + z = a (b) 4x + 2y + z = 3 <j 

(c) 4x-2y+z = 3a (d) 4x + 4y+2z= 3a 

32. The equation of a plane passing through 
(1, 2, -3), (0, 0, 0) and perpendicular to the plane 
3x-5y + 2z = II. is 

(a)3x + y+^z = 0 (b) 4x+y + 2z = 0 

(c)3x-y+| = 0 (d) x+y+z=0 

33. The equation of a plane passing through the 

line of intersection of the planes x + y + z = 5, 
2x - y + 3z = 1 and parallel to the liney = z = 0 is 
(a) 3x - z = 0 (b) 3y - z = 9 

(c) x - 3z = 9 (d) y - 3z = 9 

34. A plane meets the coordinate axes at the points A, 
B, C respectively. If the centroid of triangle ABC 
always remains (a, b, c), then equation of plane is 

(a) ax+ by + cz = 3 (b) - + —+- = 3 

a b c 

(c) ax + by + cz= 1 (d) ~ + ^ + “ = 1 

35. Centroid of the tetrahedron OABC, where 
A s (a, 2, 3), B s (l, b, 2), C ■ (2,1, c) and O is 


the origin is (1, 2, 3). The value of a 2 + b 2 + <? is 
equal to 

(a) 75 (b) 80 

(c) 121 (d) none of these 


36. The straight lines ——- = ^—1 and 

1 1 -k 

——- = ^—- = - —5, will intersect provided 
k 2 1 

(a) k = {3,-3} (b) *={0,-1} 

(c) *={-1.1} (d) * = {0,-3} 

37. Equation of the plane passing through (-1, 1, 4) 

and containing the line ——- = ——- = —, is 
3 1 5 

(a) 9x - 22y + 2z + 23 = 0 

(b) x + 22y + z = 25 

(c) 9x + 22y - 3z = 1 

(d) 22y - 9x + z = 35 

38. The distance of the point (-1, 2, 6) from the line 

x-2 y-3 z + 4 . .. 

-= --=-, is equal to 

6 3^ 

(a) 7 units (b) 9 units 

(c) 10 units (d) 12 units 

39. The shortest distance between the line 

x + y + 2z-3 = 2x + 3y+4z-4 = 0 and the z-axis is 
(a) 1 unit (b) 2 units 

(c) 3 units (d) 4 units 


40. Reflection of the line 1 in the 

plane x + y + z = 7is 


*• — 1 v -7 r-4 


x-1 y-2 z —4 



1. (a) : Four or more than four non-zero vectors are 
always linearly dependent. 

2. (b): 5-b = (jei+(x—l)y+fcM(x+l)/+ j+ak) 

= x(x +l) + x- l+ a= x 2 + 2x+fl-l 
We must have ab> 0 VxeR 

=> x 2 + 2x + a- l>0 VxeR 
=> 4 - 4(a - 1) < 0 a > 2 

3. (b):5 + h+c=3E 


Taking dot with x on both sides, we get 
xa+xb+xc=xx= |x | 2 =4 
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If ‘0’ be the angle between c and x , then 


|x||c|cos6 = ^ 


3 




4. (d): 5 + 5b + 3c = 0 

Thus d,b, carecoplanar. Hence a (bxc)= 0 

5. (c): Let P.V. of A, B, C and D be d,b,c and 6 


=> ABxCD=(b-a)x-c, BCxAD = (c-b)x-d 
and CAxBD = (a-c)x-b 
=> ABxCD+BCxAD+CAxBD 


=cxb+axc+axc+bxa+bxa+cxb 
= 2(cxb + bxa+dxc)=2[cx(b-a)-dx(b-d)] 
= 2((c-a)x(b—a)) = 2(AC x AB) 

=> \ABxCD+BCxAD + CAxBD\ 



6. (b): [a+b,b+c,c+a] 

= (a + b)((b+c)x(c+a)) = (a+b)(bxc + bxa+cxa) 
=[abc]+[bca]=2[abc) 

7. (a): [axb, bxc.cxd] =(axb) ((bxc)x(cxa )) 

= (axb)([bca]c-[bcc]a)=[abct 

8. (c) : i x(axi)=(i i)a-(a Oi = a-(a i)i 
Similarly,} x (5 x }) = 5 — («•})} 

and kx(axk)=a-(a k)k 
=> ix(axi)+]x(ax))+kx(axk) 

=35—((a ?)i +(a •}))+(a •*)*)= 2a 

9. (a) : We have, fxa = b. 

Taking the cross with d , we get dx(r xd)=dxb 
=> (a d)f-(d f)a=dxb •••(«) 

Also, rxc=d 

Taking the cross with b , we get b x (r x c) = b xd 
=> ( bc)r-(jbr)c = bxd •••(«) 

Adding (i) and (ii), we get 

(a d+b c)r-(d r)a-(b r)c=0 
Now, r d = 0 and b f = 0 as d and f asweUas b and r 
are mutually perpendicular. 

Thus, (b-c +a-d)r = 6 =* b e +a d = 0 

10. (d): We must have \(i-3j+5k)=‘a+ 2 ' k+ ^~ , 
=> 3a = 3X(i — 3) + 5k)—(2fc+ 2 ) - /) 


= i(3X +1) - }(2+9X) + it(15X - 2) 

=> 3|a| = V(3X+1) 2 +(2+9X) 2 +(15X-2) 2 


=> 9 = (3A. + l) 2 + (2 + 9A) 2 + (15X - 2) 2 
=> 315A 2 - 18A = 0 => X = 0,^ 

For X = 0, a=i-2j-2k (notacceptable) 
For 


11. (c): Let Q(q) be the foot of altitude drawn from 
P to the plane r - n = 0. 

=> q-p = Xn => q = p+Xn 
Also q n = 0 => (p + Xn) « = 0 

- X "i^ * 

Required distance =\q-p\ = ■ ^^ 

12. (a) :Let Q(<?) be the foot of altitude drawn from 
P(p) to the line r = d + Xb, 

=> (q-p)b=0andq=d + Xb, 

=> (a + U-p) b = 0 =* (d-p) b + \\b?=0 

- 

13. (c): We must have, b■ n = 0 and a ■ n *q 

14. (c): We have, b i i = 0 and d n = q 


15. (b): We have s-p = \h and s n = q 
=> (Kn + p) n = q => J = p + 

16. (a) :[a+(axb),b+{axb),dxb] 

= (a + (Sxb))i(b + (Sxb))x(axb)) 
=(a+(axb))((bx(axb))=(d+(Sxb))(a-(ab)b) 
=d a+d (dxb)= 1 (as d b= 0, d (axb) = 0) 


17. (d): d = b+c,bxd = 0,c-d = 0 
=> axd = bxd+cxd = cxd 
=> dx(flxd) = dx(cxd)=(dd)c-(c d)d = |dpc 
dx(axd) _ 

= ^r =£ 
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18. (c): Let required vector r is such that 
r=x l d+x 2 b + x 3 (dxb) 

We must have, rd = rb = r(axb ) 
ra=x l ,rb=x 2 ,r(Sxb)=x 3 
=* r = X(a+b+(axb)). Mso > = l 
=> X 2 (a+b+(axb)Ha+b+(axb)) = 1 
=> X 2 (ad+ab+d-(dxb)+b-a+bb+b-(dxb) 
+ {axb)a+(axb)b+(axb)(axb )=1 
=* * 2 =± => X = ±-^=* r=±-j=(3+fe + (3xfc)) 


23. (d): ((axb)+(axc))x(bxc) 

= (axb)x(bxc)+(axc)x(bxc) 

= [3 b c]b-[a b b]c+[a c c] b-[d cb]c 
= [abc](b+c) 

=> «(axb)Haxc))x(bxc)Hb-c) 

=[a b c](b+c)(.b-c)=[a b c)(\b P -\c p)=0 

24. (d): Line of intersection of f (i+2j+3k) = 0 and 
r Qi+3j+k) = 0 wiU be paraUel to 

(3/+3} +k)x(i + 2j + 3k ), i.e., 7i - 8} + 3k ■ 


19. (d ):axc = b 

=> 3x(3xc) = 3xfc=>(3c)3-(3-3)c=3xfc 
Now, a ■ a = \i+j+kf = 3, 

n * 

axb= 1 1 1 =-H+j+k 

0 1 -1 

=> 3a-3c = axb = -2i+~j+k 

=> 3c = 3i+3'j+3k+2i — 'j—k =5i + 2j+2k 

=> c=j(5i + 2) + 2Jt) 

20. (d): Let a=a l 'i+a 2 'j+a 3 k 
=> d i=a lt d j=a 2 , a k=a 3 

and axi=(a l i+a 2 j+a 3 k)xi=-a 2 k+a 3 j 
Similarly, a x) = a, k -a 3 i, a x k = -a,)■+ a 2 / 

=> (3 ■ f)(a x f)+ (3 ■ j)(S x })+(5 • k)(ax k) 

= -a x a 2 k + a,a 3 'j+a l a 2 k-i + a&i- u 3 u,) = 6 

21. (c): 3x(i+2}+fc) = / —* = (}x(/+2}+*)) 

=> (3-})x(/ + 2} + jt) = 0 => a-‘j = X(i+2j+k) 

=> 3 = JU+(2A,+l);+JUfc, AeK 

22. (b): r,=>/3(3xb),r 2 =b-(3 b)3 

coplanar with 3 and fc and r, is at right angle to the 
plane of 3 and b 

|r,|=>/3|3xb| => |q f=3(dxb)-(axb) 

= 3((3-3)(bb)-(3b) 2 )=3(|bp-{3-5) 2 ) 

Also, |r 2 p=(b-(3 b)3) (b-(3 b)5) 

= |bp-2(5b) 2 + (3-b) 2 (3.5)=|bp-(5.b) 2 

=> bl = V3. Thus angles are - 

hi 2 3 6 


n/ 49 + 64 + 9 Vl22 

25. (d) : If Q(q) is the image of P(p) in the plane 
r fi = s. then q-p = X* and ^) n = s 

=> (2p+An)n = 2s => X= 2s ~ 2 ^" 

.; +3 ) + t + »z2t±±^)(_ 2 j + )-4jk) 

=-(-i+25j-9k) 

26. (a) 

27. (b): Let c=x l a+x 2 b 

Since, 3 • c = 0 therefore 0 = x, 13 p +x 2 3 • b 
=> 0 = Xi(6) + x 2 (2 + 2 - 1) => x 2 + 2xj = 0 
Also |c| =1 

=> (xid+x 2 b) (x l a + x 2 b) = 1 

=> x 2 |3p+2w-b+x 2 |bp=l 

=> 6x 2 + 6x\x 2 + 6x 2 = 1 =» 6x? - 12x? + 24xf = 1 

=>* 2 =± - x,=± * 

1 18 1 3>/2 

* ' ! * T i 3 ^ £= ^ (2 ' +i+i) '^ ( ' +25 '‘ ) 

or c=-^(.2i+]+k) + ^i+2‘j-k)=^Cj-k) 

28. (a): Zcos 2a = £(2 cos 2 a -1) = 2Z P - 3 = -1 
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29. (d) :xy + yz = 0 

=> x(y + z) = 0 => x = 0, y + z = 0 
Thus it represents a pair of planes 
x = 0, y + z = 0 

that are clearly mutually perpendicular. 

30. (c): Let 0 be the angle between them, then 


if) 


31. (d): Direction ratios of segment AB are (2a, 2a, a). 
Mid-point of AB is ^o, 0, ^ j. 

Required plane will be in the form 
x -2a+ y -2a+ z- a= p 

It should pass through ^0, 0, — j => ~~~ = p 

3 a 

Thus, equation of the plane is 2x + 2 y + z= — 
i.e, 4x + 4y+ 2z = 3a. 2 


32. (d): Let the required plane be ax + by + cz = 0 
We have 3a - 5b + 2c = 0, a + 2b - 3c = 0 


15-4 2 + 9 6 + 5 

Thus plane isx + y + z = C 


*a : b: c = 11 : 11 : 11 


33. (b) : Plane will be in the form 

(x + y + z - 5) + a(2x - y + 3z - 1) = 0 
i.e., x(l + 2a) + y(l - a) + z(l + 3a) = 5 + a 
It is parallel to the line y-z = 0. 

=> (1 + 2a) = 0 => a = -1/2 

3 1 9 

Thus required plane is — y—-z — — i.e., 3y - z = 9 


34. (b) : Let the plane be — + — + — = 1 

*1 y\ z l 

=> A * (X|, 0, 0), B s (0, y it 0), C s (0, 0, z,) 
Since the centroid of triangle ABC is (a, b, c) 
:. 3a = Xj, 3b = y x , 3c = z x 

Thus, equation of plane is —+-f+—= 3 
a b c 

35. (a): We have, 4 = a + l+ 2 + 0=>a=l, 
8 = 2 + b+ l + 0 => b = 5, 

12 = 3 + 2 + c + 0=> c = 7 
.-. a 2 + b 2 + c 2 = 1 + 25 + 49 = 75 


36. (d): Any point on the first line can be takes as 
Pi s (r, + 2, r x + 3, -kr x + 4) 

Similarly any point on second line can be taken as 
P 2 3 (kr 2 + 1, 2r 2 + 4, r 2 + 5). 

These lines will intersect if for some r\ and r 2 we have 
r\ + 2 = kr 2 + 1, fi + 3 = 2r 2 + 4, -kr t + 4 = r 2 + 5. 


© 


/. r t - kr 2 + 1 = 0, r x = 2r 2 + 1 
2 _ k +2 
^ h ~ k-2' r '~ k-2 

On substituting, we get k 2 + 3k = 0 =* k= {-3, 0} 

37. (d) : Equation of any plane containing the line 

—j- = = j will be a(x - 1) + b(y - 2) + cz = 0 

where, 3a + b + 5c = 0 .... (i) 

It is given that plane passes through (-1, 1, 4). 

.-. -2a - b + 4c = 0 ... (ii) 

From (i) and (ii), we get — = — = - 
-9 22 1 

Thus the equation of required plane is, 

-9(x - 1) + 22(y - 2) + z = 0 
i.e., 22y - 9x + z = 35 

38. (a) : Any point on the line is 

P 3 (6r, + 2, 3r[ + 3, -4^ - 4) 

Direction ratio of the line segment PQ, where 
Q 3 (-1, 2, 6), are 6r, + 3, 3r, + 1, -4r, - 10. 

If‘P be the foot of altitude drawn from Q to the given 
line, then 6(6r, + 3) + 3(3r, + 1) + 4(4r, + 10) = 0 
=> r, = -1. 

Thus, P 3 (-4, 0, 0) 

Required distance = V9+4+36 = 7 units 

39. (b) : We have, x + y + 2z-3 = 0, 
x+2z-2+ ly = 0 

Solving these equations, we get y = -2 
Thus required shortest distance is 2 units. 

40. (c) : Given line passes through (1, 2, 4) and this 
point also lies on the given plane. 

Thus required line will be in the form of 
x-1_ y-2 _ z-4 
l ~ m ~ n 

Any point on the given line is (-rj + 1,3 r x +2,r x + 4) 
If r) = 1, this point becomes P = (0, 5, 5). 

Let Q(a, b, c) be the reflection of ‘P’ in the given 
plane, then 

^■1+-—"1+—*1—7 i.e., a + b + c = 4, 


and - = = = \ (say) 

1 1 1 
Thus, Q s (-2, 3, 3). 

t, • j • x-1 y-2 z-4 

.'. Required equation is —— = -=- 
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be also in command of what is being covered in their school as part of NCERT syllabus. The problems here are a happy blend 
of the straight and the twisted, the simple and the difficult and the easy and the challenging. 

*ALOK KUMAR, B.Teth, IIT Kanpur 


Vector quantities are specified by definite magnitude 
and definite directions. A vector is generally represented 
by a directed line segment, say AB. A is called the 
initial point and B is called the terminal point The 
magnitude of vector AB is expressed by | AB |. 

A vector of zero magnitude is a zero vector. 
i.e. which has the same initial & terminal point, is 
called a zero vector. It is denoted by O. The direction 
of zero vector is indeterminate. 

A vector of unit magnitude in the direction of a 
vector a is called unit vector along a and is denoted 
by a symbolically, a = p-j. 

Two vectors are said to be equal if they have the 
same magnitude, direction and represent the same 
physical quantity. 

Two vectors are said to be collinear if their directed 
line segments are parallel irrespective of their 
directions. Collinear vectors are also called parallel 
vectors. If they have the same direction they are 
named as like vectors otherwise unlike vectors. 
Symbolically, two non zero vectors 3 and b are 
collinear if and only if, 3 = Kb , where K e R. 
Vectors 3=a { i +a 2 j+a 3 k andb=b i t+l^j+^k 

are collinear if 7^- = = 7^ 

b i b 2 b 3 


• A given number of vectors are called coplanar if 
their line segments are all parallel to the same plane. 
Note : “Two vectors are always coplanar”. 

• If two vectors 3 and b are represented by OA and 

OB, then their sum 3 + b is a vector represented by 

OC, where OC is the diagonal of the parallelogram 
OACB. 

Algebra of vectors 

• a+b = b + 3 (commutative) 

• 3+0 = a = 0+3 

• 3 + (-5) = 0 = (-3) + 3 

• \3 + b\<\3\ + \b\ 

• \a-b\Z\ \a\-\bJ\ _ 

• | 3±b |=^|fl P + |t| 2 ±21 a || h | cos 0 where 0 is the 
angle between the vectors 3 and b. 

• If 3 is a vector and m is a scalar, then m 3 is a vector 
parallel to whose modulus is |m| times that of 3. 
This multiplication is called scalar multiplication. 

• Let O be the origin, then the 
position vector of a point P is 
the vector OP. If 3 and b are 
position vectors of two points A 
and B, then, AB = b-3 

= p.v. of B - p.v. of A. 

Distance between the two points A(«)andB(h) 
is AB = | 3—b | 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains IIT and Olympiad aspirants. 
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If a and b are the position 
vectors of two points A & B 
then the p.v. of a point which 
divides AB in the ratio m : n 


is given by: 


_ rid + mb 
m+n 



Note: p.v. of mid point of AB = - 
Dot product 


• If a = a x i + a 2 j + a 3 k & b = b l i + b 2 j + b 3 k then 
ab = flibi +a 2 b 2 + a 3 b 3 , |«| = yjaf+aj+aj, 

\b\ = Jbf+l%+bl 


• 'i'i=j-‘j = k-k-li}-'j='j-k = k'i = 0 

r a-b 

• Projection ofaoni» = 

\b\ 

• d-b=\d\ |fe| cos0 (0 < 0 < 7t). where 0 is the angle 
between a and b. 

Note: If 0 is acute then ab> 0 and if 0 is obtuse 
then ab< 0 

• 55 = | 5| 2 = 5 2 

• ab = b a (commutative) 

• d(b+c) = ab + ac (distributive) 

• (ma)-b=a■ (mb) = m(a■ b) (associative) where m 
is scalar. 

• ab = 0 <=> a 1 Mwhere, a * 0, b *■ 0) 

• Maximum value of 5 bis|a| |b|. 

• Minimum value of abis-|«| |b|. 

• Any vector a can be written as, 
a=(a i) t + (a j) j+(a- ^) t: 

Vector or cross product 

• If a and b are two vectors and 0 is the angle between 
them then d x£ = |n ||b |sin0 n, where n is the 
unit vector perpendicular to both a and b such 
that a , b and n forms a right handed screw system. 

• Geometrically |d x b| = area of 
the parallelogram whose two 
adjacent sides are represented by 
a and b. 



• 1xi=jxj=kxk=0;1xj=lc,jxfc = t,fcm=) 

• If a = a x 1+a 2 j+a 3 jcfkb=b l t+b 2 ) + b i t: then 


j k 

"2 «3 


b i b 2 b 3 


• a xb =- b x a (not commutative) 


• (ma)xb=ax(mb) = m(a xb), (associative)where 
m is a scalar. 

• ax (b+c) = (a xb) + (a x c) (distributive) 


a &b is n = ± r 


dxb=0<=>fl&b are parallel (collinear) 
(a*0,b*0) i.e. a = Kb, where K is a scalar. 
Unit vector perpendicular to the plane of 
axb 
h \axb\~ 

A vector of magnitude V and perpendicular to the 
r(a x b ) 

plane of a & b is ±-i-. 

l 2x H 

If a, b & c are the p.v.’s of 3 points A, B&C then the 
vector area of triangle 

ABC= ^[axb+bxc + cxa]. 

The points A, B & C are collinear if 
axb+bxc+cxa = 6. 

Area of any quadrilateral whose diagonal vectors 
are d, & d 2 is given by j |d, x d 2 1. 

Lagrange's Identity: For any two vectors a & b; 


(a x b) 2 =\d\ 2 \bf -(a b) 2 


Scalar Triple product 

• The scalar triple product of three vectors a,b & c is 
defined as: axbc =|d||b||c| sin0 cos0 where 0 is 
the angle between a & b & ([> is the angle between 
a x b & c . It is also written as [a b c] and spelled 
as box product 

• Scalar triple product geometrically represents 
the volume of the parallelopiped whose three 
coterminous edges are represented by a,b&c 

Le. V=l* b c]. 
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• In a scalar triple product the position of dot & 
cross can be interchanged i.e. a(b xc)=(a xb)c 
or [abc) = [bca] = [cab] 


• a(bxc) = -a(cxb) i.e. [abc] = -[ deb] 


If a = a x i + a 2 j + a 3 k ; b = b x i + b 2 j + b 3 k 

a \ a 2 a 3 

& c =c x i + c 2 j + c 3 k then [abc] = b x b 2 b 3 
c i c 2 c 3 


• If a , b , c are coplanar <=* [3 b c] = 0. 

• Scalar product of three vectors, two of which are 
equal or parallel is 0 i.e., [abc] = 0, where a = b 
or b = c ore = a. 

• [Kdbc]=K[dbc] 

• [(a + b)cd] = [acd] + [bcd] 

• The volume of the tetrahedron OABC with O as 
origin & the p.v.’s of A, B and C being a , b & c 


respectively is given by V = - [a b c] 

6 

• The position vector of the centroid of a tetrahedron 

if the p.v.’s of its vertices are a , b , c & d are given 
by i [d+b + c+d]- 


Vector triple product 

• Let a , b ,c be any three vectors, then the 
expression a x(b xc) is a vector and is called a 
vector triple product. 

• ax(b xc) = (ac)b-(ab)c 

• (a xb)xc =(ac)b - (bc)d 

• (axb)xc * ax(b xc) 


• The equation of a line passing through the point 
(X|, y Jt Z \) and having direction ratios a, b, c is 


-L = Z_ZL = - - = r. This form is called 

abc 

symmetric form. A general point on the line is given 
by (X! + ar, y x + br, z, + cr). 

• Vector equation: Vector equation of a straight 
line passing through a fixed point with position 
vector a and parallel to a given vector b is 
f = d + kb where A is a scalar. 

• The equation of the line passing through the points 
(*i» yi.Zi) and (x 2 , y 2 , z 2 ) is 


x-xi y-y i z-z, 
*2~*i H~y\ z 2~ z t 


• Vector equation of a straight line passing through 
two points with position vectors a and bis 


• Reduction of cartesion form of equation of a line to 

vector form & vice versa -—^— h. - £—£l 

A A 0 A ^A C 

<=> r = (xj« + y x j + Zj^) + A(fl» +bj +c^) 



Direction cosines : Let a, 

P, Y be the angles, which a 
directed line makes with 
the positive directions 
of the axes of x, y and z 
respectively, then cos a, 
cos P, cos y are called the 
direction cosines of the line. 

The direction cosines are usually denoted by 
(/, m, n). Thus / = cosa, m = cosP, n = cosy. 

If /, m, n be the direction cosines of a line, then 
l 2 + m 2 + n 2 = 1 

Direction ratios: Let a, b, c be proportional to the 
direction cosines lm,n then a, b, c are called the 
direction ratios. 

If /, m, n be the direction cosines and a, b, c be the 
direction ratios of a vector, then 
„ j, 

/ = 


■Ja 2 +b 2 +c 2 ’ \la 2 +b 2 +c 2 ’ 






~ \Ja 2 +b 2 +c 2 


• If OP = r, where O is the origin and the direction 
cosines of OP are /, m, n then the coordinates of P 
are (/r, mr, nr). 

• If direction cosines of the line AB are /, m, n, 
|AB| = r and the coordinates of A is (x : , yi,z x ) then the 
coordinates of B is given as (x! +ti,y x + rm, z x + m) 

• If the coordinates of P and Q are (x t , y x , z x ) and 
(x 2 » y 2 , z 2 ) respectively, then the direction ratios of 
linePQare, a = x 2 -x\,b = y 2 -y x & c = z 2 -z, and 


the direction cosines of line PQ are / = 


\PQ\ 


and n = ^ 

\PQ\ 


*2 ~*1 
\PQ\ ’ 
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• Direction cosines of axes: Since the positive x-axis 
makes angles 0°, 90°, 90° with axes of x, y and z 
respectively. Therefore, 

Direction cosines of x-axis are (1, 0, 0) 

Direction cosines of y-axis are (0, 1, 0) 

Direction cosines of z-axis are (0, 0, 1) 

• If two lines have direction ratios a t , b\, c x and 
a 2 , b 2 , c 2 respectively then we can consider two 
vectors parallel to the lines as a, i + b,+ c x k and 
a 2 i + b 2 j + c 2 k and angle between them can be 

„ a x a 2 +b { b 2 +c,c 2 
given as cos0 = . 1 ■ —1 j 1 * 

tja 2 + b 2 +cfylaj +b 2 +c\ 

• The lines will be perpendicular if 

+ b x bi + c x c 2 = 0 

a, b i Ct 

• The lines will be parallel if — = — = — 

« 2 b 2 c 2 

• If the coordinates of P and Q are (xj, y\, Zi) and 
(x 2> y 2 , z 2 ) respectively, then the projection of the 
line segment PQ on a line having direction cosines 
/, m, n is |/(x 2 - x,)+m(y 2 - y,)+n(z 2 - z,)| 

• Normal form of the equation of a plane is 
lx + my + nz = p, where, /, m, n are the direction 
cosines of the normal to the plane and p is the 
distance of the plane from the origin. 

• General form :ax + by + cz + d = Ois the equation 
of a plane, where a, b, c are the direction ratios of 
the normal to the plane. 

• The equation of a plane passing through the point 
(xi,y„ z,) is given bya(x-x l ) + b(y-y l )+c(z-z l ) = 0 
where a, b, c are the direction ratios of the normal 
to the plane. 

• Plane through three points: The equation of 
the plane through three non-collinear points 
(*i> y\t Z\)t (* 2 .yit z 2 ), (x 3 , y 3 , z 3 ) is 


y z 1 
z \ 1 
x 2 yi z 2 i 

y$ z 3 1 

Intercept Form: The equation of a plane cutting 
intercepts a, b, c on the x, y, z axes respectively is 

£+ { +£=1 

a b c 

Vector form: The equation of a plane passing 
through a point having position vector a & normal 
to vector n is (r-«)•« = 0 or r n=a n 


• Any plane parallel to the given plane 

ax + by + cz + d = 0 is ax + by + cz + X = 0. 


Distance between two parallel planes 
ax + by + cz + di = 0 and ax + by + cz + d 2 = 0 
is given as !^1 1— 

yja 2 +b 2 +c 2 

Coplanarity of four points: 

The points A(x 1 ,y 1 , z,), B(x 2 ,y 2 , z 2 ) Cfo.-ft, z j) and 
D(x4, y 4 , z 4 ) are coplanar then 
x z~ x i y2~y\ z 2~ z i 
x 3 -x, y 3 -y x z 3 -z, =0 
x 4~ x \ y*~yi z 4~ z l 
The points A( r,), B( r 2 ), C( ) and D( U) are 
coplanar if [r 4 - r, r 4 - r 2 f 4 - r 3 ] = 0 
Distance of the point (x', /, /) from the plane 
, , . , \ax' + by'+ cz' + d\ 

ax+ by + cz + d=0is given by — , 

| \la 2 +b 2 +c 2 | 

The length of the perpendicular from a point having 
position vector a to plane r n-d is given by 



The coordinates of the foot of perpendicular from 
the point (X[, y x , z x ) to the plane ax+by + cz + d = 0 
are given by 

x'-x, _ y'-y, _ z’-z x _ (ox, +by x +cz, +d ) 
a b c a 2 +b 2 +c 2 

The coordinate of the image of point (x x ,yi, z,) w.r.to 
the plane ax + by + cz + d = 0 are given by 
*’~ x i _ y'-yi z '~ z \ 

a b c 

|(axi+by 1 +cz 1 +rf)| 
a 2 +b 2 +c 2 


Consider two planes ax + by + cz + d= 0 and 
a'x + b'y + c'z + d’ = 0. Angle between these planes 
is the angle between their normals. Since direction 
ratios of their normals are (a, b, c) and (a', b', c') 
respectively, hence, the angle 0 between them, is 
given by 


COS0 = 


aa' + bb' + cc’ 

Vfl 2 +i> 2 +c 2 yja' 2 +b' 2 +c' 2 


Planes are perpendicular if aa' + bb' + cc' = 0 and 

planes are parallel if — = — 

a' b' c’ 

The equations of the planes bisecting the angle 
between two given planes t^x+bjy+CiZ+d^Oand 
a 2 x + b 2 y + c 2 z + d 2 = 0 are 
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a l x+b l y+c l z + d l ^ a 2 x+ ^2>' + t: 2 z+ ^2 

y/af+tf+cf yjaj+l^+cl 

• Any plane passing through the line of intersection 

of non-parallel planes a\X + b\y + C\Z + d\ = 0 and 
a 2 x + biy + c 2 z + d 2 = 0 is given by 
atf + by + c t z + di +X (fl2X + hjy + c^z + dj = 0 


2 . 


3. 


Single Correct Answer Type 


If the length of a vector be 21 and direction ratios 
be 2, - 3,6 then its direction cosines are 

(.) (b) 1,^,5 


(d) none of these 


If the co-ordinates of the points P and Q be 
(1, -2,1) and (2,3,4) and O be the origin, then 

(a) OP = OQ (b) OP 1 OQ 

(c) OP || OQ (d) none of these 


xy-plane divides the line joining the points (2,4,5) 
and (- 4,3, - 2) in the ratio 
(a) 3 : 5 (b) 5:2 

(c) 1 : 3 (d) 3 : 4 


4. If the co-ordinates of A and B be (1, 2, 3) and 
(7, 8, 7), then the projections of the line segment 
AB on the co-ordinate axes are 

(a) 6, 6, 4 (b) 4, 6, 4 

(c) 3, 3, 2 (d) 2, 3, 2 


5. A line makes angles a, P, y with the co-ordinate 
axes. If a + P = 90°, then y = 

(a) 0 (b) 90° 

(c) 180° (d) none of these 


6. The co-ordinates of a point P are (3, 12, 4) with 
respect to origin O, then the direction cosines of 
OP are 


(a) 3, 12, 4 
, . 3 1 2 

(c) TYTZ'TZ 


(b) 

4 3 2 


7. A line makes angles of 45° and 60° with the 
positive axes of X and Y respectively. The angle 
made by the same line with the positive axis of Z, is 
(a) 30° or 60° (b) 60° or 90° 

(c) 90° or 120° (d) 60° or 120° 


8. If P(3,4, 5), Q(4, 6, 3), R(- 1, 2, 4), S(l, 0, 5) then 
the projection of RS on PQ is 
(a) -2/3 (b) -4/3 (c) 1/2 (d) 2 


9. The projection of a line on a co-ordinate axes are 
2,3,6. Then the length of the line is 

(a) 7 (b) 5 (c) 1 (d) 11 

10. A line which makes angle 60° with y-axis and 

z-axis, then the angle which it makes with x-axis is 
(a) 45° (b) 60° (c) 75° (d) 30° 

11. The distance of the point (4,3,5) from they-axis is 

(a) >/34 (b) 5 (c) ^41 (d) sfl5 

_ x+4 y-3 z+2 

12. The angle between the lines -= --=- 

■ I z 12 3 


M sto-'(i) (b) ^(f) 

(c) cos 1 j (d) none of these 

13. The straight line = ~~ ~ ~~ is 


(a) Parallel to x-axis (b) Parallel to y-axis 
(c) Parallel to z-axis (d) Perpendicular to z-axis 

14. The magnitudes of mutually perpendicular forces 
5, b and c are 2, 10 and 11 respectively. Then the 
magnitude of its resultant is 

(a) 12 (b) 15 (c) 9 (d) 6 

15. If the position vectors of A and B are 
i+3j—7k and51 -2j + 4^, then the direction 
cosine of AB along y-axis is 

w 5E (b| 'TO 

(c) -5 (d) 11 

16. Let a, P, y be distinct real numbers. The points 
with position vectors 

ai + P; +yk,pi+y; + ak,y/ +aj+fik 

(a) are collinear 

(b) form an equilateral triangle 

(c) form a scalene triangle 

(d) form a right angled triangle 

17. What should be added in vector 5 = 3/ +4 j-2k 
to get its resultant a unit vector? 

(a) -2?-4/+2& (b) -2i+4j-2k 

(c) 2t+4j-2k (d) none of these 

18. The sum of two forces is 18N and resultant whose 
direction is at right angles to the smaller force is 
12N. The magnitude of the two forces are 

(a) 13,5 (b) 12,6 (c) 14,4 (d) 11,7 
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19. If d = 3i-2j + k,b =2i-4j-3k and 
c=-i+2j + 2k, then 5 + b + c is 
(a) 3?-4 j (b) 3?+4 j 

(c) 4i'-4 j (d) 4? + 4; 


20. The position vectors of A and B are i -j+2k and 
3i-j + 3k. The position vector of the middle 
point of the line AB is 

(a) (b) 2f-/+|4 

(c) —? — + —£ (d) none of these 

2 r 2 

21. P is the point of intersection of the diagonals of 
the parallelogram ABCD. If O is any point, then 
OA + OB + OC+OD = 

(a) OP 0>) 2 OP (c) 3 OP (d) 4 OP 

22. If C is the middle point of AB and P is any point 
outside AB, then 

(a) PA + PB=PC (b) PA + PB = 2PC 
(c) PA + PB + PC =0 (d) PA + PB + 2PC = 0 


23. The position vector of the points which divides 
internally in the ratio 2 : 3 the join of the points 
25-3b and 35 - 2b, is 


(a) 

(c) 




(d) none of these 


24. If the position vectors of the points A, B, C be 
5, b, 35 - 2b respectively, then the points A, B, C are 
(a) collinear (b) non-collinear 

(c) form a right angled triangle 

(d) none of these 


25. If a-i- j and b = i+k, then a unit vector coplanar 
with 5 and b and perpendicular to 5 is 

(a) t (b) J 

(c) £ (d) none of these 

26. If the position vectors of the points A and B be 
2/ + 3; - k and - 2i + 3; + 4k then the line AB is 
parallel to 

(a) xy-plane (b) yz-plane 

(c) zx-plane (d) none of these 


27. If the vectors 3i+2j-k and6?-4x; + y£ are 
parallel, then the value of x and y will be 

(a) -1,-2 (b) 1,-2 

(c) - 1, 2 (d) 1, 2 

28. The vectors 5 and b are non-collinear. The value 
of x for which the vectors c = (x - 2)5 + b and 
d = (2x + 1)5 - b are collinear, is 

(a) 1 (b) I (c) i (d) i 

29. If a = (1, -1) and b = (-2, m) are two collinear 
vectors, then m = 

(a) 4 (b) 3 (c) 2 (d) 0 

30. If p=i-2j + iic and q = 3t+j + 2k, then a 
vector along r which is linear combination of p 
and q and also perpendicular to q is 

(a) i +s/+4& (b) }-Sj+4fc 

(c) -^(?+5;-4fc) (d) none of these 

31. If |5| = 3,|b| = l,|c| = 4 and5 + b + c = 0, then 
a b + b c +c d = 

(a) -13 (b) -10 (c) 13 (d) 10 

32. A, B, C, D are any four points, then 
ABCD + BCAD+CABD = 

(a) 2 AB BC CD (b) AB BC+ CD 
(c) 5yfl (d) 0 

33. (5 b)c and (5 -c)b are 

(a) two like vectors (b) two equal vectors 

(c) two vectors in direction of 5 

(d) none of these 

34. If 5 and b are adjacent sides of a rhombus, then 

(a) 5 b = 0 (b) 5xb = 0 

(c) 5 • 5 = b • b (d) none of these 

35. If a i=a (i+j) = a {i+j+k), then5 = 

(a) t (b) jfc (c) j (d) i+j 

36. If a unit vector lies in yz-plane and makes angles 
of 30° and 60° with the positive y-axis and z-axis 
respectively, then its components along the co¬ 
ordinate axes will be 


o 
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« I'i'O 
(0 —,0,1 


(b) °-T’I 

(d) 0 -i'f 


37. If |5| = 3,|b| = 4 and the angle between a and 6 
be 145 + 3b| = then 

(a) 25 (b) 12 (c) 13 (d) 7 

38. A unit vector which is coplanar to vector i+j+2k 


(c) cos 


In) 


(d) ■ 


42. If A(-l, 2,3), B(l, 1,1) and C(2, -1,3) are points on a 
plane. A unit vector normal to the plane ABC is 


M) 

in ± 


(2?—2/4] 

< d > ± 

[ 2 i + 2/-fc] 

l 3 J 

l 3 J 


43. For any two vectors 5 and b, (5 x b) 2 is equal to 

(a) a 2 -b 2 (b) a 2 +b 2 

(c) a 2 b 2 - (5 • b) 2 (d) none of these 

44. The sine of the angle between the two vectors 
3t+2j — k and 12t+5j — sfc willbe 


(b) - 


and 

i+2j + k 

and perpendicular to i 

+j + k is 


(a) 

i-j 

S 

(b) ‘fej 


(a) 


t-i 

,,, i+J+k 


(b) 

(c) 

IT 

d J 

J3 


(c) 

39. 5, b and c are 

; three vectors with 

magnitude 

(d) 


Jus ^ _ 

■JiiJm w J14J144 

—— (d) none of these 

Jl4jl94 

Assertion & Reason Type 


|5| = 4,|b| = 4,|c| = 2 and such that 5 is 

perpendicular to ( b+c),b is perpendicular to 
(c + 5) and c is perpendicular to (a+b). It follows 
that \a + b + c\ is equal to 
(a) 9 (b) 6 (c) 5 (d) 4 

40. If the position vectors of the points A, B, C, D be 
?+j+k,2i + 5j,3i+2j-3kand i-6j-£, then 
the angle between the vectors AB and CD is 

(a) * (b) £ (c) - (d) n 

4 3 2 

41. The angle between the vectors i-j + k and 
t+2 j+k is 


is a correct explanation for Statement-1. 
Statement-1 is true, Statement-2 is true, Statemer 
is not a correct explanation for Statement-1. 


45. Statement-1: L x :- 


*-2 =Z± 2 = z-3 
1 1 2 3 

The unit vector perpendicular to both L x and L 2 is 

—i—7j+5& 

W3 

Statement-2 : The distance of the point (1, 1, 1) 
from the plane passing through the point (-1, -2, -1) 
and whose normal is perpendicular to both the 
lines L| and L 2 is ISIsJl. 

46. Statement-1 : The lines ——- = —=£ii. an( j 

x—2 y + l z , 1 - 1 

—j— = = — are coplanar and equation of the 

plane containing them is 5x + 2y - 3z - 8 = 0. 

Statement-2 : The line -—- = = - is 

1 2 3 

perpendicular to the plane 3x + 6 y +9 z -8 = 0 and 
parallel to the plane x + y - z = 0. 

47. Consider the planes 3x - 6y - 2z = 15 and 
2x+y-2z = 5. 

Statement-1: The parametric equation of the line 
of intersection of the given planes is x = 3 + 14t, 
y = 1 + 2t, z = 15f, t being the parameter. 
Statement-2: The vector 14 /' + 2j +15 k is parallel 
to line of intersection of the given planes. 
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48. Consider the lines : *_ 3 _ y + l _ z+2 

Jr x—7 v 2+7 2 ~ 3 1 

and L,:-=— =-. 

1 -X i -) 


Statement-1: L, and L 2 are non-coplanar 
Statement-2 : L\ and L 2 intersect. 


49. Statement-1 : If wand v are unit vectors inclined 
at an angle a and x is a unit vector bisecting the 

u + v 

angle between them, then x =-. 

2 cos — 

2 

Statement-2 : If AABC is an isosceles triangle with 
AB = AC = 1, then vector representing bisector of 
— AB+AC 

angle A is given by AD = ---. 

50. Statement-1 : For the real numbers a, P, y; 
(cosa + cosP + cosy) 2 S 3(cos 2 a + cos 2 P + cos 2 /). 
Statement-2 : For two non-zero vectors 

A and B,(AB) 2 <\A? |B| 2 . 

Comprehension Type 
Paragraph for Q. No. 51-52 
L is the line of intersection of two non-parallel planes 
71], n 2 . L { is a straight line which is perpendicular to 
L and points on L x are equidistant from the planes 71!, 
7t2- Equation of 7ti is 2x + 3y + z = 1 and equations of 
L\ are 6x = 3 y= 2z. 


51. The direction ratios of L are 

(a) (6,-3,0) (b) (7, -5,1) 

(c) (5,-1,-1) (d) (11,-1,-3) 


52. The direction ratios of normal to the plane 
containing L, L x are 

(a) (12,-3, 4) (b) (17, 20,-19) 

(c) (13,-2,-3) (d) (14, -5, 2) 


Paragraph for Q. No. 53 to 55 
Intersection of a sphere by a plane is called circular 
section. 

(i) If the plane intersects the sphere in more than one 
different points, then the section is called a circle. 

(ii) If the circle of section is of greatest, possible radius, 
then the circle is called great circle. 

(iii) If the radius of circular section is zero, then the 
section is a point circle. 

(iv) If the plane does not meet the sphere at all, then 
the section is an imaginary circle. 

53. Sphere x 2 + y 2 + z 2 = 4 is intersected by the plane 
2x + 3y + 6z + 7 = 0 in 

(a) a great circle 

(b) a real circle but not great 

(c) a point circle (d) an imaginary circle 


54. Sphere x 2 + y 2 + z 2 - 2x + 4y + 6z -17 = 0 is 
intersected by the plane 3x - 4y + 2z - 5 = 0 in 

(a) a great circle (b) a real circle but not great 

(c) a point circle (d) an imaginary circle 

55. The sphere x 2 +y 2 + z 2 + 2x + 6y-8z- 1=0 is 
intersected by the plane x + 2y - 3z - 7 = 0 in 

(a) a great circle (b) a real circle but not great 

(c) a point circle (d) an imaginary circle 

Paragraph for Q. No. 56-57 
Let r be the variable point satisfying 
?•«!=</], r ■ti 2 =d 2 ,r n 3 = d 3 , where «j, n 2 and n 3 are 
non- coplanar vectors. Then 

56. The position vector of the point of intersection of 
three planes, is 

(a) ! _ . [^(wt xn 2 )+d,(n 2 xn 3 )+d 2 (n 3 xn,)] 

l«l«2 M 3J 
4 

O’) ,_. [d 3 (wi xn 2 ) + d,(n 2 xn 3 )+d 2 («, xfl 3 )] 

1«i«2" 3 1 

(c) -^-[d 3 («, xn 2 )+d,(« 2 x« 3 )+d 2 («, x« 3 )l 
l"l"2" 3 l 

(d) none of these 

57. If the planes r ■ n t = d lt r n 2 = d 2 and r ■ n 3 = d 3 , 
have a common line of intersection, then 
<*l(«2 xw 3 ) + d 2 (n 3 xn,) + d 3 («, xn^is 

(a) [Wsl (b) 4[n,n 2 n 3 ] 

(c) 2[njn2n 3 ] (d) none of these 

Paragraph for Q. No. 58-59 
The vertices of a A ABC are A(l, 0, 2), B(-2, 1, 3) 
and C( 2,-1, 1). If D is the foot of the perpendicular 
drawn from A on BC, then 

58. The equation of median of A ABD passing through 
the vertex A, is 

(a) r=(i +2fc)+-j(-5i+j + fc) 

(b) F = (/-2&) + y(-5i+)+&) 

(c) r = (;+2£) + y(5/-;' + £) 

(d) none of these 

59. The vector equation of the bisector of ZA, is given 

b Y ( A A A A A A 

(a) ? = ( ? + 2; Vx[^i^ + ^^ 
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(c) r = (f+2;) + X| 

(d) none of these 


3i + j + k -i-j + k 


Matrix-Match Type 


60. Match the following. 


Column-I 

Column-I I 

(A) 

£ _1 =z _2 =£ _3 ^ 

2 3 4 

x-1 _ y-3 _ z-5 

(P) 

Coincident 


3 4 5 816 



(B) 

*-l y-2 2-3 

t 3— r “ d 

x-3_ y-5_z-l 

(q) 

Parallel and 
different 


2 ~ 3 ~ 4 arC 



(C) 

x-2 =Z± 3 = 5-z and 

5 4 2 

x-7_y-l_z-2 are 

5 " 4 " -2 

(r) 

Skew 

(D) 

x-3 _ y+2 _ z-4 and 

2 " 3 " 5 3,1 

£ _3_ £ _2_ £ _7 ^ 

(s) 

Intersecting 
in a point 


3 2 5 





(t) 

coplanar 


61. A variable plane cuts the x-axis, y-axis and z-axis 
at the points A, B and C respectively such that the 
volume of the tetrahedron OABC remains constant 
equal to 32 cubic unit and O is the origin of the 
coordinate system. Then 


Column-I 

Column-II 

(A) 

The locus of the centroid 
of the tetrahedron is 

(P) 

xyz = 24 

(B) 

The locus of the point 
equidistant from O, A, B 
and C is 

(q) 

(x 2 + y 2 + z 2 ) 3 
= 192xyz 

(C) 

The length of the 
perpendicular from origin 
to the plane is 

(r) 

xyz = 3 

(D) 

If PA, PB and PC are 
mutually perpendicular 
then the locus of P is 

(s) 

(x 2 +y 2 + z 2 ) 3 
= 1536xyz 


62. Match the following. 


Column-I 

Column-II 

(A) 

aandb are unit vectors and 
a + 2b isl to 5d - 4b, then 2(5 • b) 
is equal to 

(P) 

0 

(B) 

The points (1, 0, 3), (-1, 3, 4) and 
(fc, 2, 5) are coplanar when k is 
equal to 

(q) 

-1 

(C) 

The vectors (1,1, m), (1,1, m + 1) 
and (1, -1, m) are coplanar then 
the number of values of m is 

(r) 

1 

(D) 

a x(b xc) + b x(c xa) + cx(axb) 
is equal to 

(s) 

2 


Integer Answer Type 

63. The plane 2x + 2y + z = 3 is rotated about the 
line where it cuts the xy plane by an acute angle 
a. If the new position of plane contains the point 
(3,1,1) then 9cosa equal to 

64. The shortest distance between the z-axis and the 
line, x + y + 2z-3 = 0,2x + 3y+4z-4 = 0is 

65. ABC is any triangle and O is any point in the 
plane of the same. If AO, BO and CO meet the 
sides BC, CA and AB in D, E, F respectively, then 
OP OE OF 

AD + BE + CF 

66. Find the distance of the point i +2 j +3 k from the 
plane r (i + j + k) = 5 measured parallel to the 
vector 2i + 3j-6k. 

67. Non-zero vectors satisfy 

ab = 0,(b-d)(b + c) = 0 and2|b + c| = |b-5|. 
If 5 = ph + 4c, then the value of p is 



- d -and-i- 1 - ie 1-3 6 

v2 2 +(-3) 2 +(6) 2 V2 2 +(-3) 2 +(6) 2 ’ 7’ 7 ’ 7 


2. (b) : <tyJ2 +b l b 2 -l-Cj^ =0,so, OP±OQ 

3. (b) : Required ratio = - ^ j = ^ i.e„ 5:2. 

4. (a): Here, x 2 - x, = 6, y 2 - y\ = 6, z 2 - Z\ = 4 
and d.c.'s of x, y, z-axes are (1,0,0), (0,1,0), (0, 0, 1) 
respectively. 
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Now projection = (x 2 - Xj )l + (y 2 - Yi) m + ( z 2 ~ z \) n 
Projections of line AB on co-ordinate axes are 
6, 6, 4 respectively. 

5. (b): Here, cos 2 a +cos 2 (90° - a)+cos 2 y=1 
=> cos 2 a+sin 2 a+cos 2 y=l 


ry+i=i 


y=90° 


6. (d) : Required direction cosines are 

3 _12_ 4 

V3 2 +12 2 + 4 2 V3 2 +12 2 +4 2 V3 2 +12 2 +4 2 
3 12 4 

li’Ii'Ii- 

7. (d) : Given a = 45°, 0 = 60° 
v cos 2 a+cos 2 P+cos 2 7=1 

cos 2 y = l- -- - = -=>7 = 60° or 120°. 

2 4 4 

8. (b) : Here,x 2 -x, =l,y 2 -yi -z 1 =-2 

/. /,m, n for PQ are 

3 3 3 

Now, for PS, x 2 - X[ = 2, y 2 - y] = -2, z 2 - Z\ = 1 
.•. Projection of RS on PQ = £/(x 2 -x,) 

= 2 4_2 = -4 
~3 3 3“ 3 ’ 

9. (a): Let d be the length of line, then projection 
on x-axis = dl = 2, projection on y-axis = dm = 3, 
Projection on z-axis = dn = 6 

Now d^/ 2 +W1 2 +m 2 ) = 4+9+36 
=> d 2 (l) = 49 => d = 7 

10. (a): cos 2 a = 1 - cos 2 60° - cos 2 60° 

, 1 11 . 


11. (c): Distance from y-axis is Vx 2 +z 2 
= V4 2 +5 2 =n/16+25=V41. 

12. (c): Angle between two lines, 

1 x 3 + 2 x (-2) + 3x1 2 

>/l 2 + 2 2 + 3 2 >/3 2 + (-2) 2 +1 2 

=> 0 = cos -1 (- I. 


13. (d): (3, 1, 0) • (0, 0, 1) = (0, 0, 0). So the line is 
perpendicular to z-axis. 

14. (b): R = >/4 +100+121 =15. 

15. (b): AB = 4;—5}+llit 

Direction cosine along y-axis - ■ = —==. 

V16 + 25+121 Vl62 

16. (b): Let P, Q and R be points having position 
vectors ai+^j+yk, $i+yj+ak and 71+aj+pic 
respectively. 

Then, |fQ|=|QR|=|RP|=V(a-p) 2 +(P-Y) 2 +(Y-a ) 2 
Hence A PQR is an equilateral triangle. 

17. (a) : Let b should be added, then a + b =« 

=> b =/ -a = i-(3/+4j—2fc) = —2/—4j+2fc. 

18 . (a) 

19. (c): a+b+c = (3+2-1) i+(-2-4+2)j+(l-3+2)& 

= 4/—4} 

a+b 


20. (b): 


= 2 i~j+~k. 



21. (d): We know that P will 
be the mid point of AC and 
BD. _ 

.-. OA+OC=20P •••(>) 
and OB+OD = 20P •••(“) 

Adding (i) and (ii), we get 
OA+OB + dC+OD = 40P. 

22. (b) 

23. (b): Position vectors of the points which divides 

„ 3(2a -3b)+ 2(35 -2b) 12a-13b 

internally is,---=- - -• 

24. (a]h Here AB=b-a 

and AC=(3d - 2b) - (a) = -2(b - a) 

/. AB = mAC. 

Hence A, B, C are collinear. 

25. (d) : Let c = Xa +pb = (A.+n)i-A.j+pk 
Now, ca = 0 => 2X+p = 0 => p=-2A. 


Therefore, c = -Xi-X j-2kk = (>/6)(-X) 


Hence, unit vector = 


0+j+2k) 


i+j+2k 

~ir 
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26. (c): AB = -4i+5k> which is a vector lying in a 
plane parallel to zx-plane. 

27. (a): Obviously,-=—^—=- — =>x=-l and y- -2 

1 6 -Ax y 

28. (c) 

29. (c) : Condition for collinearity, b = Xa 
=> (-2 i+rnj) = *.(!-;) 

Comparing coefficient, we get 
X = -2 and -X = m. So, m = 2 

30. (c): r=p+Xq=>r.q = p.q + \q.q 

=> 0 = 7 + 14*. => X=-i 
2 

Therefore, r =-^(i+5j-4k). 

31. (a): (5 + b+c) 2 =0 

=> |5 p + |b f + |c p +25b + 2b c + 2c a = 0 

=> 9 + 1 +16 +2(5 b+b c + c-5) = 0 

=> a b+b c+c a - 13. 

2 

32. (d) 

33. (d): They are different vectors. 

34. (c): a a =|5 || 5 | cos0 =| 5 p, (v 9 = 0°) 
and b ■ b =|b ||b | cosG =|b | 2 , (Here 0 = 0°) 

Also, since 5 and b are sides of rhombus 
|5|=|b|. Hence aa = b b. 

35. (a): Let a = xi + yj + zk . 

Then a i = (xi +yj + zk)-i = x 

and a •(/ + ;) = x + y and a (i + j + k) = x + y + z 
Given that x = x + y = x + y + z 
Now x = x + y=>y = 0 
and x + y = x + y + z=> z = 0 
Hence x = 1 => a = i. 

36. (b) 37. (b) 38. (b) 

39. (b): Here |«| = 4, |b| = 4,|c| = 2 

and a-(b + c) = 0 => a b+a c = 0 --(0 

b-(c + a) = 0 b e + b a = 0 ...(ii) 

c-(a + b) = 0 => c a + c-b =0 ...(iii) 

Adding (i), (ii) and (iii), we get, 2(5 b +b c +c a) = 0 


|5+b + c | 

= yj\af+\bf+\c\ 2 +2(ab+bc+c-a) 

= yj\a\ 2 +|b| 2 +|c| 2 = V16 + 16 + 4 =>/36 
=> 15 + b + c | = 6. 


40. (d): AB = 'i + 4j-k, CD = -2i -8j + 2k 

n AB CD -2-32-2 . 

COS0 = —^-=- = —p=—7=- =» 0 = 7t. 

| AB | ■ | CD | V18-V72 


41. (d): (/-} + £)■(/ + 2 }+ fc) = >/3>/6cos0 
=> COS 0 = ■— /— => 0 = —. 

V3>/6 2 


42. (a): AB = 2f — } — 2k, AC = 3i - 3j + 0k 


= (-6i-6j-3k) 


Hence unit vector 



43. (c): (5xb) 2 =(5xb) (5xb) 

= (absin0n)(<jbsin0n) = a 2 b 2 sin 2 0 = a 2 b 2 ( 1 - cos 2 0) 
= a 2 b 2 - a 2 b 2 cos 2 0 = a 2 b 2 - (5 • b) 2 . 


44. (a) 

46. (b): 


45. (c) 
1-2 0+1 
1 -1 

1 2 


- 1-0 
1 =0 
3 


=> Given lines are coplanar 
x — 1 

Equation of the plane is 1 


y 

-1 

2 


z + 1 
1 =0 


i.e„ 5x + 2y - 3z - 8 = 0 

c . 12 3 x-2 y + 1 z . ... 

Since - = - = -=>-= --= - is perpendicular 

3 6 9 1 2 3 


to the plane 3x + 6y + 9z - 8 = 0 
And also 1(1) + 2(1) +3 (-1) = 0 

x-2 y + 1 z , 

=>-= --= — is parallel tox + y- z = 0 

47. (d) 

48. (d) : Any point on the line L\ is 
(2r, + 3, -3r, -1, r, - 2) 

Any point on the line L 2 is (-3r 2 + 7, r 2 , 2r 2 - 7) 
Let the lines and L 2 intersect at ft 
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/. 2r, + 3 = -3r 2 + 7 => 2r, + 3r 2 = 4 ...(i) 

Also -3ri -1 = r 2 => -3ri - r 2 = 1 ...(ii) 

and rj - 2 = 2r 2 - 7 ^ ri - 2r 2 = -5 ...(iii) 

Solving (i) & (iii), we get = -1, r 2 = 2 
Clearly r 2 = -1 and r 2 = 2 satisfy equation (ii) 

Lines L] and L 2 intersect => L, and L 2 are coplanar. 

49. (a) 

50. (a) : Consider A = i + j + k , 

B = cosai + cospj + cosy k 


(A-B) 2 <\A\ 2 \B\ 2 

=> (cosa + cosP + cosy) 2 < 

(cos 2 a + cos 2 P + cos 2 /) (3). 
51. (b) 52. (b) 


Vector parallel to L is 


j k 

2 3 1 
1 2 3 


= 7i-5j+k 


Equation of plane containing L, L t is 


1 2 3 

-5 1 


= 0 


i.e., 17x +20y-19z= 0 

53. (b): Distance of the centre (0,0,0) from the plane 

is ^^ = .<2 
V4 + 9 + 36 


.•. The section is a real circle but not great. 

54. (a) : Distance of the centre (1, -2, -3) from the 
plane is3 + 8- 6- 5 = 0 

The section is a great circle. 

55. (d): Distance of the centre (-1, -3, 4) from the 


|— 1 — 6 —12 — 7 | 

Vl + 4 + 9 
The section is an imaginary circle. 


56. (a) 57. (d) 

, « 2 , n, are non-coplanar vectors. Therefore vectors 
iii X m 2 ,m 2 X m 3 and n 3 X m ( are also non-coplanar. 

Let a be the position vector of the point of intersection 

of the given planes. Then, 

a ■ m, = d,, a • n 2 = d 2 and a • n } = d 3 

We know that any vector in space can be written as the 

linear combination of three non-coplaner 

vectors. So, let 

=> a = x(n l xn 2 ) + y(n 2 xn 3 )+z(n 3 xn l ) ...(i) 
Now, a • ii, = d, 

=> {x(M! x m 2 )+ y(n 2 x m 3 ) + z(m 3 x m, )} • m, = d x 


Similarly, we have a n 2 =d, and a n,=d 3 


^ Z [«,«2« } ] andX ln,n 2 ii,] 

Positive vector of the point of intersection of three 

planes, is -—-— -[d.(n 2 xn.)+dAn,xn,)+dAn.xn 2 )} 

[nw ,] 


Also, the equation of a plane passing through the line 
of intersection of the planes r ■ n, = d, and r n 2 =d, is 
r ■ (n, + m 2 X) = d x + Xd 2 , where X is parameter since, three 
planes have a common line of intersection. 

.\ The above equation should be identical to f - n 3 = d 3 
for some value of A. 

Thus for some value of A, we have 

h, +Am 2 =(i« 3 ...(ii) and d, + Adj = Jld, ...(iii) 

Now, n, + Ail 2 = |1 Mj 

^ (ft,+AM j)XM 3 =fl(Mj XMj) 

=» m 1 xm, + A(m j xMj) = 0 ...(iv) 



Again, m 1 +Am 2 =hm 3 
=> (M, +Am 2 )XMj = JI(m 3 XMj) 

=> n(n 2 xfi } ) = -(n,xn 2 ) ...(v) 

Now, d[ + Ad 2 = pd 3 

(d 1 +Ad 2 )(M 2 XM J ) = d,{M(M 2 XM } )} 

=> d,(M 2 XM,) + d 2 (M 3 XM,) + d 3 (M, xii 2 ) = 0 

{using (iv) and (v)} 

58. (a) 59. (b) 

60. (A) -> (s, t), (B) (p, t), (C) -> (q), (D) -> (r) 

(A) Both the lines pass through the point (7, 11, 15) 

(B) < 2, 3, 4 > are direction ratios of both the lines. 
Also the point (1, 2, 3) is common to both lines. 
/. The lines are coincident. 

(C) < 5, 4 - 2 > are direction ratios of both the lines. 

The lines are parallel 
Also x = 2 + 5A, y = -3 + 4A, z = 5 - 2A 
2 + 5A-7 _ —3+4A-l _ 5-2A-2 
"5 4-2 


.-. No value of A exists. 

Thus the lines are parallel and different. 
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(D) < 2, 3, 5> and < 3, 2, 5 > are direction ratios of 

2 3 5 3 2 5 

line respectively. 

The lines are not parallel 
Now, x = 3 + 2\, y = -2 + 3A, z = 4 + 5X 
and jc = 3 + 3|X, y = 2 + 2p,z=7 + 5p 
are parametric equations of the lines. 

Solving 3 + 2\ = 3 + 3p and -2 + 3X = 2 + 2p, 

. 12 8 
we get A. = y,p = - 

Now substituting these values in 4 + 5X = 7 + 5p 
we get 4 + 12 = 7 + 8 i.e„ 16 = 15 which is not true. 

The lines do not intersect. 

Hence the lines are skew. 

61. (A) -» (r), (B) -+ (p), (C) -» (q), (D) -> (s) 

62. (A) -4 (r), (B) -+ (q), (C) -> (p), (D) -+ (p) 

(A) (a+2b)(5a-4b) = 0 

=> a ■ b = - or 2 (a • b) = 1 
2 

(B) a = i +3k,b = -i + 3j + 4k, 

c = i + 2j + k, d = ki + 2} + 5k are coplanar. 

.-. [dbc]+[dca] + [dab] = [lbc] 

=> k = -1 

(C) For no values of m the vectors are coplanar. 

(D) ax(bxc)=(a c)b-(a b)c 
bx(cxa)=(ba)c-(cb)a 
cx(axb) = (cb)a-(ca)b 

.-. ax(b xc)+b x(c xa)+c x(axb) = 0 

63. (7) : Let equation of new plane 2x + 2y + z- 3 + Az=0 
Point (3,1, 1) lie on it ^ A. = -2 

Hence equation of new plane is lx - 2y -z - 3 
4+4-1 7 
C0S “ - 3-3 ~9 

64. (2) : The equation of any plane containing the given 
line is (x + y + 2z - 3) + X (2x + 3y + 4z - 4) = 0 

=> (1 + 2\)x + (1 + 3 X)y + (2 + 4 X)z - (3 + 4X) = 0 

...(0 

If the plane is parallel to z-axis whose direction 
cosines are 0, 0, 1 ; then the normal to the plane will 
be perpendicular to z-axis. 

.-. (1 + 2A.) (0) + (l+3A.) (0) + (2 + 4X) (1) = 0 


^ X 2 

Putting value of X in (i), we get required plane 
(x+y+2z-3)--(2x+3y + 4z-4) = 0 
=> y + 2 = 0 ...(ii) 

.'. S.D. = distance of any point say (0,0, 0) on z-axis 

i 

from plane (ii) = 




65. (1) 

66. (7): The distance of the point V from the plane 
r n = q measured in the direction of the unit vector b 


Here a = i + 2j+3k, n = i + j+k and q = 5 
2i + 3~j-6k 2~i + 3j-6k 


V ( 2 ) 2+ ( 3 ) j+ ( -6 ) 2 


The required distance = 
= 5-(l + 2 + 3) =7 
±(2 + 3 — 6) 


_ 5-(?+ 2 } + 3k)-(i+j + k) 

±(2i+3}-6k)-(i+5+k) 


ib = 0 

Now, (b-a) (b+c)=0 


(4 - p) b 2 = a 2 
p < 4 


Again 41 b+c | 2 =| b-d | 2 

h" 


b 2 +— = b 2 + 

V 4 / 4 

((4 - n) 2 ~ 4 )b 2 = 3<i 2 

(4—p) 2 —4 3 


From (i) and (ii), we get v ~ - 1 = j => p 2 - 5p = 0 

=> p = 0 or 5 but as p < 4, so, p = 0. 
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Basic formulas of indefinite integral 

\x"dx = — + k,n*-l 
1 n + 1 

J— dx = logx+Jfc 

ja x dx = ———+k 
J logj a 

\e ax dx =—+k 
J a 

| tan xdx = log sec x + k = - log cos x+k 

Jcotxdx = logsinx + fc = -log(cosec x) + k 

{-^-dx^secx+k 
cos X 

J sec xdx = log( sec x + tan x )+k 

t cosx , , 

J ——dx = -cosec x + k 

(• sec 2 mx j x _ log(tan mx) + ^ 

•* tanmx m 

f cosec 2 mx^ _ - log(cot mx) | 

•* cotmx m 

| cosec xdx = - log(cosec x + cot x) + k 

f sec 3 xdx = - —(sec x) + - f sec xdx 
1 2 dx 2 J 

Some standard results 


J x 2 -a 2 2a / 

r dx 1 , ( a + x ^ , 

J - 1 dx = log(x+Vx 2 +a 2 )+A: 


f-7=== = sin 


"(f> 


=\og(x+ylx 2 -a 2 )+k 

jVx 2 + a 2 dx=|Vx 2 +a 2 + ylog(x+>/x 2 + a 2 ) + Jt 
J>/x 2 -<J 2 dx = jVx 2 -*? 2 -y logfx + Vx 2 -<J 2 ) + fc 
jVa 2 -x 2 dx = ^Vfl 2 -x 2 +ysin _l j+Jk 

Results using methods of integration 

J +/'(x))dx = ^«*/(x)+* 

J /"(x)/'(x)dx=~~y~ + * 

r /'Cx)^ f l°g|/(x)|+*,ifn = l 
/"(x) * {Jf"*. where t = /(x) 

fn- fU) /'(x)dx = -^-+lt, <1*1, a>0 
J log e a 

Je /(x) /'(x)dx=e /W +A: 
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Reducing algebraic functions into trigonometrical 
function by method of substitution. 


I fl+x 

Va-x J a-x 
Put x = «cos0 or x = «sin0 or x = <jcos20 
or x = asin20 


x.j^dx,S 

J a-x 3 
asin0 

\yj2ax-x 1 dx, f ———-, f 
3 3 2 ax-x 2 3 


2ox —x 2 


Put x = 2«sin 2 0 or 2asin 2 20 
or x = 2acos 2 0 or 2acos 2 20 


• f-J(x-a)(x-fi)dx, [ , ‘ /A =.f |—^-dx 

Put x = asec 2 0 - ptan 2 0 or x = acosec 2 © - Pcot 2 0 

. fV(x-tt)(p-x)rfx,f , *** 

3 J y/(x-a)(P-x) J \P-x 

Put x = asin 2 © + Pcos 2 © 
or x = acos 2 0 + Psin 2 0 

Integration of special trigonometrical functions 
(expressions) 

In such type of expressions first reduce them into 
the simplest form and then integrate. 


W 

=J 


tan 0+cot 0+sec 0+cosec 0 
cos0+sin0-l sin0-cos0-0 


sec 2 0 


• J = j -— — 

3 l+sin0cos0 3 tan 2 0+tan0+l 
Put tan0 = t, we get 

, r dt 2 _i(2tan0+l'\ , 

• I=\- -=-7=tan - r — +* 

J f 2 +f+l V3 l S ) 
Some tricky integration 

„ , r b+acosx , sinx . . 

2. /=f- -dx =--- + k 

3 (a+bcosx) 2 a+bcosx 

, r b+asinx , cosx 

3. f- T dx = — r~-— +k 

3 (a + bsinx) 2 a+bsmx 

4. J(tan x + sec x) 4 sec 2 xdx 


■my 


where t = secx + tanx 


5. Jx*(l + logx)<fx = x* + k 

6. (i) J(sinx) COSA: |-^-(cosxlogsinx)Jdx 
= (sinx) cosx +k 

(ii) J(cosx) sln * (sinx ■ log cosx) jdx 

= (cosx) sinjc +it 

* -lX x * 

7. f\ xX \ XX X x dx = — - - + k 

3 (log*.) 3 

b 

Definition : J f(x)dx is the integration of /(x) w.r.t. x 

with x = a as lower limit and x-b as upper limit. 
b 

J f(x)dx = F(b) - F(a ), where F(x) is the antiderivative 
of/(x). 

Properties of definite integral 

b b 

1. jf(x)dx=j/m 

b a 

2. jf(x)dx = -jf(x)dx 

a b 

b c b 

3. (i) J/(x)dx = jf(x)dx + jf(x)dx , where a < c < b 

b «i a 2 

(ii) Jf(x)dx=Jf(x)dx + jf(x)dx 
a a a, 

») b 

+f f(x)dx+ . + jf(x)dx 

“2 % 

where a < < a 2 < .< a„< b. 

4. (i) J/(x)dx = J/(fl-x)dx 

0 0 

b b 

(ii) jf(x)dx = jf(a + b-x)dx 

5. (i) J/(xMx = J[/(x)+/(-x)]dx 
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17. If m. 


positive integer then 


, „ f , 2 \f(x)dx, if f(x) is even function 

(ii) J f(x)dx = l 1 Q J 


0, if f(x) is odd function 


6. J/uwJ 2 / 

0 | 0,if f(2a-x) = -f(x) 

b-a b 

7. J f(x+a)dx = jf(x)dx 


8. jf(x)dx + j f~ l (x)dx = bf(b)-af(a) 

a /(a) 

b 1 

9. jf(x)dx = (b-a)J[f(a + (b-a)x]dx 

a 0 x 

10. If fit) is an odd function, then ^(jc) = J f(t)dt is an 

even function. a 

11. Ifis an even function, theng(x) = jf(t)dt is 

an odd function. o 

12. If fix) is a continuous on ]a, P(, then there exist 

P 

a number Y in ]a, P[such that J / (x)dx = /(y)(P - a) 

1 P “ 

where /(y) = -J f{x)dx is called mean value of the 

function fix) on [a, PI 

13. If fix) is a continuous function on [a, °°) then 
J f(x)dx is known as improper integral, we define 

improper integral as °jf(x)dx= lim J f(x)dx 
a P_> °° a 

b b 

14. If J|/(x)|dx = 0then J(/(x)) 2 dx = 0 


15. (0 jjrf(sinx)dx = —jf(sinx)dx 

o 2 o 

(ii) J xf(sinx)dx = ^ J f(sinx)dx 

16. j f (cos 2 x)dx = njf (cos 2 x)dx, tie I 

0 o 


Jsinmxsin nxdx = 
o 

Geometrical meaning of definite integral and its 
applications 

• Let fix) be a function defined in the closed interval 
b 

[a, b] then J f(x)dx represents the algebraic sum of 


n., 

— if m = n 
2 

Oifm^n 


the area of the region bounded by the curve y = fix) 
and the lines x = a and x = b, the value of the definite 
integral may be positive, negative or zero. 



• Let x = ffiy) be a continuous function defined on 
[a, b]. Area bounded by the curve x= g(y), y-axis and 
the lines y = c and y = d is given by 



• The area bounded by two curves x = f(y), x =g(y) and 
the lines y = c and y = d where (/(c), c) and (fid), d) 
are points of intersection of both the curves is given by 



Id d 

A=\jf(y)dy-jg(y)dy\ 


The area bounded by two curves y=fix),y=g(x) and 
the lines x = a, x = b is given by 
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where a,fia), b,fib) are the points of intersection 
of the curves y = fix) and y = g(x). 

Note : If fix) >gix) in [c, /) and/» <g(x) in [/, d] 
where c < l < d then area bounded by the curves 
is given by 



j [/(*) - gW]dx + ) [g(x) - /(x)]dx 

• If the curve lies below x-axis then the area be 
negative, then take its modulus value i.e., count the 
area with +ve sign. 

Circle and Parabola 



Formula's on definite integral of periodic functions 

a+nT T 

• j f(x)dx = njfix)dx,nel 

a 0 

bT T 

• j f(x)dx = (b-a)jf(x)dx,a,bel 

aT o 


nT r =n rT 

• J/(x)dx = £ j f(x)dx andfir-l)T+y=fiy),ns I 

0 r=l (r-i) 

b+nT b 

• j f(x)dx = \f(x)dx, ns I 

a+nT a 


• Iffl-x) = -fix) i.e., fix) is an odd periodic function 


defined on the interval 
of fix), then 


_T T 
22 


where T is period 


gix) = j fit )dt is periodic with period T 


i.e., gix+T)= gix) 

If fx) be an odd periodic function with period T then 
fix) = jf it)dt is an even function with period T 


• If fix) be a periodic function with period 

a+T 

T then J fix)dx is independent of a i.e., if 

a+T . 

f /(x)dx = <t»(a) then ^-(<$>(a)) = 0i.e., <|>(fl) is a 
J da 

constant function. 

• If/fx) satisfies fix + a) + fix) = 0 Vxefi and 'a' be 
constant, then period affix) is 2a. 

• x - [x] is a periodic function with period 1 where [.] 
represents greatest integer function. 

Leibnitz theorem (Leibnitz rule for differentiation 
under the integral sign). 

Let <J»(x) and V|/(x) be two functions defined on 
[a, P) and differentiable at a point x e ]a, P[ and 
fix, t) is continuous function then, 



d 

(<|>(x))/(x,<t>(x)) where fix, t) is an implicit 
function. 

2. For explicit function (Leibnitz rule) 

If functions <t»(x) and \|/(x) are defined on [a, P] 
and differentiable at a point x e ]a, P[and /ft) is 
continuous on [<|>(a), <MP)] then 
, [>(*) ] 

-2- J fit )dt I = V '(x)/(y(x)) - <t>'(x) mix)) 

dX L<0(x) J 

Approximation in definite integral 

If hix) < fix) < gix)Vx e [a, b] then 
b b b 

j hix)dx < j fix)dx <, J gix)dx 

• If the absolute maximum and minimum value of fix) 
are Af and m V x e [a, b] 
b 

then mib - a) < j fix)dx < M(b - a) 
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| /(x)dx < J | /(x) | dx as shown by graphs 



Definite integral as the limit of a sum 

b 

1. f f(x)dx = lim/i[/(a)+ f(a+h)+ +/(a+(n-l)/i)] 

1 h-tO 

= Urn /»£/(«+ r/j) 



where ft =- 

P 

2. J/(x)dx = (P-oc) lim 

a 

i r f/[a+(p-a)^l 

" r=1 L WJ oi 

= (P - a) J /[a+(p - a)x]dx “ rWiW|lW 

o 

In general, term - + (P - a) - jj of the sum of 

the series - £ /1 a+(p - a) - J is a function of - 

such that various terms in the series are obtained 

by giving values 1, 2, 3,.n to r and the new 

integrand/[a + (P - a)x] is obtained by changing 


The particular cases of the above result are 
Hm X-/(-)or lim £ -/(“)= f/(*)<& 

n ~*°° r=l n V«/ «“>“ r=0 w V”/ o 

r=np , / \ P P 

lim X “/ “ \=jf(x)dx = jf(x)dx 
r=l ” a 0 

where a = lim - = 0 as r = 1 

and P = lim - = p (as r = np) 


The method to evaluate the integral, as the limit of 
the sum of an infinite series is called as integration 
by first principle. 


Single Correct Answer Type 

(Jx) 7 f / ) 

1. If f i— Q -dx = a log —— +c then the 

J (>£) 9 +x 8 U +U 

value of k-— equals 

(a) 0 (b) 1 (c) 2 (d) 3 

a 2 

2. If A is a square matrix and e A = I + A+— + °° 


.where A = 


if/(*) gWl 
2 [#(*) /(*)]’ 

I is identity matrix of order 2. Then 
1/2 

| (/(*)-l)(g(x) + l)dx is equal to 


(a) 

-(e 2 +e) 

4 

(b) 

-(e 2 -e) 

4 

(c) 

\{e 2 +e) 

(d) 


3. 

r 3x 16 +5x 14 

dx equals 


J (x 5 +x 2 +l) 4 



15 


X 10 

(a) 


c (b) 


(x 5 +x 2 +l) 3 

(x 5 +x 2 +l 


(d) log|x s +x 2 +l|W3x l6 +5x 14 +c 
4. J4 4 -4 4 -4 4 -4 x dx equals 


(a) 

4 4 (log2) 4 +c 

4 

(b) 4 +c 

16(log2) 4 


4 4 

(d) none of these 

(s) 

(log4) 3 

5. 

J (x™ + 2x lm + 3x 3m )(1 + x m + x 2m ) Vm d. 



m +1 

(a) 

—(l+x m +x 2w 
m 

) m +c 
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(b) ^_L_j(l +x "> +x 2'" ) m +c 

(c) —(x m -Ex 2 " 1 -Ex 3 " 1 ) m +c 

(d) (m+i) (xm +x2m+x3m) ~^ +c 

sin 2 x cos 2 x 

6. The value of J s\n~ l Jtdt + J cos -1 yftdt equals 

0 0 

(a) ti/ 2 (b) ti/ 4 (c) 7t/3 (d) n 

mi cqsx 

7. The value of f ^^~dx equals 

-;/ 2 i+« x 

(a) 1 (b) 2 (c) 3 (d) 4 

8. Let the equation of the curve passing through the 

point (0,1) be given by y = jx 3 e x dx. If the equation 
of the curve is written in the form x = fiy), then fiy) 
equals 

(a) log|(4y - 3)| (b) ^log|(4y-3)| 


M ? lo 8 


(3-4y)| 


(d) log 


|4y-3| 


9. If Jsin 4 xdx = Ax+Bsin2x + Csin4x + D, then 
3 11 

7'Tc equals 

(a) 44 (b) 40 (c) 36 (d) 20 

rsec 2 x-2017, . 

,0 - - dx equals 


(sinx) 40 

tanx 

(sinx) 2018 


(sinxr 18 

tanx 

(sinx^ + 


More than One Correct Answer Type 

11. If 

Jx 6a-I (l + x 3a ) 2l3 dx= l -(l + x 30 ) 5/3 [A(l + x 3fl )+ B] then 
(a) A + B = — (b) A-B = — 

' ' A(\ V ' Af\ 


12. J ( cos x ^ ( cosecx ) = fW + g(x) +c, 

then/(x) g(x) equals 

(a) xcotx (b) xcosx cosecx 

(c) —^— (d) x tanx 

tanx 


13. If the primitive of cos(logx) is 

>(x){cos g(x) + sin /i(x)} + c, c G R, then 

<■, (b) 

(c) h(e 4 ) = 4 (d) g(e 7 ) = 7 


14. If /(x) = J —~r and g(x)= f dt Vx>0 then 

x 1+t o 1+t 

(a) g(x) = cor 1 x-5 (b) J(x) = g(x) 

(c) fix) > g(x) (d) g(x) >f[x) 


15. The value of the integral je* 2 dx is 
o 

(a) < e (b) > e (c) < 1 (d) > 1 


16. Let /(x) = Je 2x (x- l)(x - 2)(x - 3)dx, then 

(a) J[x) increases for x > 4 

(b) fix) decreases in 2 < x < 3 

(c) f{x) decreases for x < 1 

(d) f{x) increases for 1 < x < 2 

17. The area bounded by the curves y = x 2 and x = y 2 is 
equal to 

t , , 

(a) 2 \(x-x 2 )dx (b) - (c) 4 

l 3 4 

(d) Area of the region, {(x, y) = x 2 < y < |x|} 


Comprehension Type 

Paragraph forQ.No. 18-19 
Let /(x) = x 2 - 5x + 6, x G R, the graph of fix) meet 
x-axis at (2, 0) and (3, 0) and y-axis at (0, 6). 


18. The area bounded by the curve _/l|x|) between 
2 < |x| < 3 and x-axis (in square units) is 


(a) — (b) - (c) 


(d) 


15 

4 


19. The area bounded by the curve |/(|x|)| between 

2 < |x| < 3 and x-axis (in square units) is 

(a) 2/3 (b) 16/3 (c) 1/6 (d) 1/3 
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Paragraph for Q.No. 20 to 22 

sin 2x sin I — cosx 1 

Let /(x) =-—^- 1 

2x-n 

20. j f(x)dx = 

0 

(a) 1 

21. fxf(x)dx = 
o 

(a) 0 (b) A («) 4 (d) - 

K n 2 tt 2 « 

22. Jx 2 f(x)dx = 

0 

(a) - (b) 4 W 4 (d) 0 

■ n 2 n 2 

Matrix-Match Type 

23. Match the following. 


Column-I 

Column-II 

A. 

Jxlog(sinx)dx = 

0 

1. 

>* 2 

B. 

fk****- 1 )*. 

J ft+x 2 ) 

2. 

-yl°g2 

C. 

J log(l + tanx)<ix = 

0 

3. 

-n log2 

D. 

Jlog(l-cosx)dx = 

0 

4. 

n log2 


24. Match the following. 


Column-I 

Column-II 

A. 

lim — 
x—>0 X 

where 

fy*'*-U*'*\ 

y.ae R 

1. 

1 

B. 

lim - 

x y ,2 f 

J e‘ dt 

— --=.where yeR 

x+y ' 

J e 2 ^ dt 

0 

2. 

e* n2 y 


x 2 

j sin yfx dx 


x 2 

J cos t 2 dt 

lim —-= 

x-»0 xsinx 


, where y e R 


Integer Type 

25. If / = Jx[sin 2 (sinx) + cos 2 (cosx)] dx, then [/] = 

0 

(where (•] denotes greatest integer function). 

26. |f l'Ix+3j+2dx = k[x+'lj? + 2j 


then [3 k + p + q] = (where [x] is greatest integer function). 

27. If a curve g(x) = Jx 27 (1 + x +x 2 ) 6 (6x 2 + 5x + 4 )dx 

3* 

is passes through origin and g(l) = — then the value 
of A: is k 

„ ./• rcos!3x-cosl4x . sin4x sin5x 

28. If - dx = -+ c and 

J l + 2cos9x a b 

a b = 2 k then sum of digits of k is 

29. The area bounded by the curve y - x 6 (7t - x) 10 

jt fl+6+1 a\b\ a+b 

is---, then-= 

(a+b+l)! 8 

30. If l mp =jx m (a + b X n )Pdx 
x m+l (a+bx n )f’ 

=- — x -/(m,n,p,b)/ m+ „ >p _, 

and /(1,2,3,4) = — (A.!), then X = 


.. (a) ; Let f = f at.f ^ dx 


= \ _^_ = f 

W + (>£) 9 J 
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=> -7(Vx) _8 ^^j= jdx = dt (Putting (yfx) 7 =t) 
=> (yfxT 9 dx = -~ dt 

/= -f/If? = -f ,os l 1+ 'l +c 

^ log (^l) +c ‘“ log (77l) +e 

,7 , 2 ,1 

/. k = - and a = - =» k — = 0 
2 7 a 

2 - (b) 3x 16 + 5x 14 

3. (c) = Letf=J 6 + 5x14 dx=j - 

J (x 5 +x 2 +l) 4 *t 


(^J 


f x 4 x 6 
- f------dx 

hjf 

Putting l + -y+ -y = f => + jdx = -dt 

, r dt 1 
••• J = -j^- = —r+c 

J t 4 i/ 3 


•B-s-J 


3(x 5 +x 2 +1) 3 


4. (b): Let I = J 4 44 4 44 • 4 4 * • 4 X dx 

Putting 4 4 = t 

, A 4 * A x A x v 

=> (log 4) 4 (4 4 -4 4 -4 4 4 x )dx = dt 

... I—*_U—L--+* 

(log4) 4 J (log4) 4 


=J(x m_1 +2x 2m_1 +3x 3m_1 )(x m ) I/m (l+x m +x 2m ) 1/m dx 
(•/ x = (x") 1,m ) 

= J (x™- 1 +2x 2m_l +3x 3m-1 )(x m +x 2m +x 3m ) 1/m dx 

Putting x m + x 2 " 1 + x 3m = t 

=> (x m_1 + 2x 2m_1 + 3x 3m_1 )dx = — 
m 

= -^-—(x m +x 2m +x 3m ) m +c 
(w + i) 

sin 2 x cos 2 x 

6. (b): Let /(x)= J sin -1 -ftdt + J cos -1 >/fdt 


= (2sinx cosx)x + (-2sinx cosx)x = 0 
/'(x) = 0 => fix) = c => Xn/4) = c 
1/2 1/2 

J sin -1 yftdt + | cos -1 \ftdt = c 
0 0 

1/2 

=> J (sin -1 Vt + cos -1 >ft )dt = c 
0 

=* J**.*(,f .*. e => /f*V- 

J 2 2 W ° 4 ^ 4 4 


7. (a) 

8. (b) 


“(lo g 2 2 ) 4 ~ 16(log2) 4 

5. (d): Let /=J(x m + 2x 2m + 3x 3m )(1+x m + x 2m ) 1/m dx 
= J x(x m_1 + 2x 2m ~ l + Sx 3 " 1-1 )(1 +x m +x 2m ) 1/m dx 


- >' = 
=> e* 4 

9. (c) 


: The curve is given by 
■ jx 3 e x dx which passes through (0, 1) 

= JxV 4 dx => y = ±j4x 3 e x4 dx 

■■—e x +k =><: = — as curve passes through (0,1) 

* 4 -' 44 ) 

= 4y - 3 => x 4 = log(4y - 3) 

: \/log(4y—3) = /(y) 

: v J sin 4 xdx = ^ J(2 sin 2 x) 2 dx 
- cos 2x) 2 dx = i J (1 - 2 cos 2x + cos 2 2x)dx 
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= - f(3-4cos2x + cos4x)dx 
8 J 


2017 


dx 


,2017 
dx 

sin 2017 x 


Thus, -+^ + ^ = 8-4 + 32 = 36 
ABC 

rsec 2 x-2017 , 

10 - (d)! J sin 2017 x dX 

= f(sinxr 2017 sec 2 xdx - 2017/— 
sii 

=(sin x) _2017 tan x-J [ (-2017)(sin x) -2018 (cosx)tanx]dx 

-f; 

=(sinxr 20l7 tanx+j2017(sinxf 2017 <ix-2017j- 
tanx 

“(sinx) 20,7+C 

11 . (a, b, c): Let / = J x 60 " 1 (1 + x 3 " ) 2li dx 

Putting 1 + x 3 " = t 2 => x 3a_1 dx = — 2t dt 
3 a 

• j =—f 2 t(t 2 -l)f 4/3 </f = — ft 7 ^ 3 (t 2 — 1) dt 
3a J 3a 1 

= — f (f 13/3 -f 7/3 ) rff = i-f 2,16/3 .2,10/3 ] 

3a ' 3«U6 10 J 

= ^(l+x 3a ) 5/3 [yUl+x 3fl ) + B]=>A = i,B = -i 

, A + B = I-I = -2 >i4 _ B = 21,2 = 2> 

8 5 40 40 B 8 

12. (a, b, c): J ^cosx-^(-cosecx) jdx 

= J(cos x • cosecx • cot x) dx = J cot 2 x dx 

= J (cosec 2 x -1) dx = - cot x - x+c 

=f{x) +s(x) + c or g(x) +f[x) + c 

/(x)g(x) = xcotx = -^— =xcosxc 
tanx 

13. (a, b, c, d) : Let / = Jcos(logx)dx 
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= je' cos t dt (on putting logx = f) 
e‘ x 

= — (cos t + sin t ) + c = — (cos (log x) + sin(log x))+c 
= /(x) {cos ^(x)+sin /i(x)}+c 
.-. /(x) = j, g(x) = /i(x) = logx .'. Um/(x) = ^ = 2 
a(x) 

l^k) =1(asg(x)=hM) 

and h(x) = logx /. h(e 4 ) = loge 4 = 4 
Also g(x) = logx .-. g(e 7 ) = loge 7 = 7 

14. (a, b) : v /(x) = f -^-r = (tan -1 1 ) 

J x i+r v '* 

= tan _1 l-tan _1 x = ^-^-cot _l x j 

I lx J. 

= cot _1 x— and g(x)= f -- = (tan -1 t)! /jc 

4 { 1 + f 2 

= tan* 1 (1/x) -tan _l (l) = cof'x - Jt/4 =/(x) 

Thus fix) = g(x) and g(x) = cot~ 1 x--^ 

15. (a, d) : From the integral we are given 

0<x< 1 => 0<x 2 < 1 

1 1 2 1 

=> ^ ) <e* 2 <e' =>l<e^<e jldx< jerdx< Je 1 dx 
oo o 

=> l<Je Jf2 rfx<e(l-0) |y je l dx = e(x) l 0 j 

je^dx<e and Je^ebo 1 
0 0 

16. (a, b, c, d) : v /(x) = Je 2x (x-l)(x-2)(x-3)dx 
=* f'(x) = e**(x - l)(x-2)(x-3) 

.-. f\x) = 0 =* x = 1, 2, 3 

Consider x<l, l<x<2, 2<x<3, x>4 etc. 

For x < 1 and 2 < x < 3,/(x) decreases as/'(x) < 0 when 

i < x < 1 an j for 1 < x < 2 and x > 4,/'(x) > 0, 

[2<x<3 

so / (x) increases. 

17. (a, b, d) : The given curves are 

y = x 2 and x = y 2 \ 

.•. Enclosed area 


= j(y[x-x 2 )dx = - sq. unit 







ff-fl- 


Again, 2j(x-x 2 )dx 


Also, the area of the region 
bounded by 

{(x,y):x 2 Sys;|x|}is J 

i j 

given by 2 J (x - x 2 )dx = - 


18. (a) : Given f(x) = x 2 - 5x + 6 
••• /<|*|> = I* 2 ! - 5|x| + 6 
Now, the points at which 
y =f (|x|) meet the x-axis are o 

obtained by putting y = 0. 

|x| 2 - 5|x| + 6 = 0 
=> (|x| - 2)(|x| - 3) = 0 
=» x = ±2, x = ±3 

Points are (2,0), (3,0), A /0 . A 

(-2, 0), (-3, 0) 

2 2 

Required area = 2J ydx = 2J(x 2 -5x + 6 )dx 
o o 

= 2x|y-^- + 6x J = y sq.units 

19(d) . i 

n jtsin2xsml — cosx I 

20. (d) : Let / = f f(x)dx = [-^ 

o o 2x -" 

n sin2(jt-x)sin[ —cos(ji-x) 1 

=|-i*- } dx 

2(71 —xl —Jt 



in(-cosx) 

-Jdx = -/ = 


> 2/ = 0. .-. J= 0 


21. (b): From given, we have 

n n*sin2xsin[ —cosx ] 

j x/Wfa= j—^^ 

0 0 

ji(2x-Jt+Jt)sin2xsin[-cosx ] 

=ij- ^—L 

H 2 *-« 

= ^ Jsin2x sin^cosx jdx + j J/(x)dx 


= iJsin2xsin^cosx jdx+0 |v J/(x)dx = 0j 

- it/2 

= — f —sintdf 

71 -71/ 2 n 

(By putting — cosx = t and changing the limit) 
4 *? 8 Kl r 2 8 8 

= ~J J tsintdt = — J tsintdt =—(1) = — 

” -x/2 * 0 JT 7T 

n n/2 

22. (a): Since J/(x)dx = J ( f(x)+f(n-x))dx 
0 0 

* «/2 >. 

.•. Jx 2 /(x)dx = 7C J sin2xsin[ —cosx Idx 
0 o ' 

= 2rtjfsin^( jd( 

(By putting cosx = t and change limits then 
b a 

use the property J/(x)dx = -J/(x)dx) 


= 27t|^cos| 
„ 2nx2 




23. A —» 2, B —» 4, C —» 1, D —» 3 

A. Let / = Jxlogsinxdx 
o 

=> /=J(7t-x)log sin(7t-x)dx =»/=7t Jlog sin xdx-I 


=> / =—Jlog(sinx)dx =—(~7tlog2) =-log2 

2 o 

_ *r log( jc+ xc —1 ) , 

B - J - -j — “•* (Putting x = tan0) 

o G+* ) 

n/2 x/2 / j \ 

= J Iog(tan0+cot0)d0 = j l°g ^ sin2 9 jd0 
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= J Iog2d0- J log sin20 dQ 
0 0 

= — log2- J Iogsin20d0 = Yl°g 2- f - ^l°g 2 j 
0 ' ' 
n/2 n 

J log sin 2tdt = — log 2 = n log2 
o 

31/4 jt/4 / \ 

C. Let 1= f log(l + tanx)dx = f log! 1+-—Idx 

0 { ^ 1+ten *J 

I= — log2- f log(l + tan x)dx 
4 * 

2/= —log2=>/= —log2 J log(l + tanx)<fx = — log2 

4 8 o 8 

D. 1 = jlog(l-cosx)dx = J log 12 sin 2 — J 

0 o'' 2 '' 

= Jlog2dx+2flog(sin|)dx 


31/2 Put - = t^>dx = 2dt 

/ = 7tlog2 + 4 [ log(sinf)df 

o * = 0,t = 0,x = rt,f = - 

K/2 2 

= Jtlog2+4 | log(sinx)dx (changing the variable) 
o 

= 7tlog2 + 4^-Ylog2 j= Jt log2 - 2n log2 = -n log2 

24. A—>2,B—»3,C—>4,D—>1 


L S,;(j 

i( a c .2, x y . 2 , ) 

= lim — J e dt + J e dt 


= lim (1 +0) e s ‘ I,2(x+ > ,) = e sin2 y 
*->0 

(7 /J Lj/dXe^ 

» 1Sm L»_J . im L°_ 1 _ 


j e 2 ‘ 2 dt 
o 

x y 

I /dt 

0 

e (x+yi \ 

.. 2e (x +y* 1 


gUx+y? 


= lim -= 0 


r c ;„ 2 # 

e ‘dt 

• x+y 2 3 

= lim - f e sin 'dt or lim —-(0/0 form) 

x->0X J jt— >o x 

y 

[fr*»y** 

= lim ^- - - 

x—>0 1 

(treating y as constant) or consider as variable 


e (x+y? 2 (x+y) x->~ x + y 

jt 2 

J sin-Jxdx 

C. lim —--- ^ form j 

2xsinx 2 sinx 2 

= lim--— = - lim -= - 

x-»0 3x z 3 x-*0 x 3 

x 2 

J cos t 2 dt 

D. lim —- (-form) 

x—»o xsinx ^0 J 

Using L-Hospital rule, we get 

£(x 2 )COSX 4 4 

lim —-=-= cos0 = l 

x ~*° x — (sinx)+sinx 1 + 1 

dx 

25. (4): v / = Jx[sin 2 (sinx)+cos 2 (cosx)]dx 

0 

=> / = J(Jt-x)jsin 2 (sinx) + cos 2 (cosx)J<fx 
0 

=> 21 = 7tJ[sin 2 (sinx) + cos 2 (cosx)]c/x 
0 

= ••• W-[y]=[4.93]=4 

26. (5): Let 1= jyjx+ylx 2 +2 dx 


Putting x + vx 2 +2 = f 

1 _1 x-\lx 2 + 2 _ 

x+Vx 2 +2 1 ~ 2 


...(0 

...(ii) 
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/. t-- = 2x (On adding (i) and (ii)) 

|l + -y = 2dx ordx = ^l + -^-jdf 

=i f ( ( 1 / 2 + ir V2 )dt =-\—+— 

2 3 2l3/2 -1/2 


+jir 2 y n - 


+ ^f 


=> p= 3. 9=1 

.*. 3k + p + q = l + 3+ l = 5 
/. [3* +/> + <?] = [5] = 5 

27. (7): g(x) = Jx 27 (1+x + x 2 ) 6 (6x 2 +5x + 4)dx 

= j x 3 (x 4 ) 6 (1 +x + x 2 ) 6 (6x 2 +5x + 4)dx 

= |x 3 (6x 2 +5x+4)(x 4 +x 5 +x 6 fdx 
( Putting x 4 + x®+ x 6 = t => (4x 3 + 5 x 4 + 6x 5 )dx = dt 
{=> x 3 (6x 2 + 5x + 4)dx = dt 
r 6j t 7 

-Jt*dt-j+c 

, , (x 4 +x 5 + x 6 ) 7 /<v . „ 

• • g(x)=--- —+c y g( o)=o => c=o 

3 7 3 * 

g(l) = y = Y (given) .\ * = 7 

_, , . r rcosl3x-cosl4x . 

28. (1): Let /= - dx 

3 l + 2cos9x 

„ . 27 . x 27 x 

2sin — xsin- 2sin — xsin- 

= —r 2 - h, dx =J — 2 —^dx 

3 J . i 9x1 J . . •> 9x 


2 ( 1 -2sin 2 f) 

f 2 sin —xsin —) 

J, . 9x „ . 3 9x 
3sm-4 sin 


2sin — x sin sin — 

= f_2 _2_ 2_ dx 

3 . 27x 

sin- 

2 

= J 2 sin|sin^dx = J (cos4x - cos5x) dx 

_sin4x sin5x _ sin4x sin5x 
4 5 C a b +C 

a = 4, b = 5 .\ a b = 4 s = 2 10 = 2* 

:. fc = 10 => Sum of digits =1+0=1 
29. (2) : When y = 0 => x^rt - x) 10 = 0 
=> x = 0 and x = Jt 

it 

Required area = Jx 6 (rt-x) 10 dx 
0 

Putting x = Jtf => dx = ltd/ 

When x = 0, t = 0 and x = Jt, t = 1 
1 1 

Area = Jji 6 * 10 f 6 (l-t) 10 (jtdf) = Jji ,6 f 6 (l-r) ,0 (7i)df 
0 0 

T^ 7 x6l 10! f 


Using Jx m (l-x)"dx = 

3 (m+n + 1)! 

.-. a + b = 6 + 10 = 16 and ^^ = 2 
8 

30. (4): Let t = x< m + »(a + bx n y 

— = x m+l p(a + bx n ) l ’~'nbx n ~ i +(a+bx n ) p (m + l)x m 
dx 

=> ~-(a + bx n ) r> ~ 1 ( ttpbx m+n )+(m + l)x m (a+ bx”)? 
dx 

=> J df = J (a + bx" ) p ~ l (npbx m+n )dx + (m +1) 

fx m (a+bx")Pdx 

t = npb I m+n , ^ (m + l)I m p 3 

.-. x m+1 (a +bx") p = npb 1^^ + (m+l)/„ 1>/) 

, x m+l (a+bx n )P npb , 

" m ’P" m + 1 m +1 W P-' 

x w+1 (a+fcx")P 


PW + 1 


- f(m, n, p, b)I m+n p _, 


x m+1 (a+hx”) p npb 
~ m + 1 m+1 Im+n 'P~i 

> f(m, n, p, b) = ~~ 

> /(l,2.3.4) = ^ = i(4!) = i(A.!) => X = 4 


MATHEMATICS TODAY I DECEMBER’17 Q 


















YOUR WAY 

Three Dimensional Geometry 


CBSE 


) 


If a, b, c are the direction ratios of a line then its 
direction cosines are 


~Ja 2 +b 2 +c 2 ’ ~ yja 2 +b 2 +c 2 ' ~Ja 2 + b 2 + c 2 

If r = ai + bj+ck then the direction ratios of r 
are a, b, c. 

Let PQ be a line joining P (x,, y v z,) and 
Q (x 2 , y v z 2 ). Then the direction ratios of the line 
PQ are (x 2 - x,), (y 2 - (z 2 - z,). 

If 8 is the angle between two lines L, and L 2 
whose d.c.'s are m v m, and l 2 , m 2 , n 2 , then the 
following holds true. 
cos 0 = lf 2 H 


0= \IZ( m 


l( m i n 2~ m 2 n l) 

Lines L, and L 2 are perpendicular 


The vector equation of a line through a point with 
p.v. r, and parallel to m is r = r, + Xm 
The cartesian equation of a line with d.r's a , b, c 
and passing through A (x,, y v z,) is 
x-x, _ y-y x _ z-Z| 
a b c 

The vector equation of a line through two points 
with p.v’s Fj and r 2 is r = r 1 +A.(i^-r 1 ) 


The cartesian equation of a line through 
A(x,, y v z,) and B(x 2 , y 2 , z 2 ) is 

x-x, y-y v z-z, 

x 2~ x i y2~y\ z 2~ z i ' 

A (x p y y z,), B (x 2 , y v z 2 ) and C (x 3 , y y z 3 ) are 
collinear if 

?sz±L = yizyL = EiziL 
x 2~ x i y2~y\ z 2~ z \ 

Three points A, B, C with position vectors a, b, c 
respectively are collinear if and only if there exist 
scalars (x 2 , |i 3 not all zero, such that 

H,a+H 2 &+H 3 c=0 and H, + + H 3 = 0. 

Let 0 be the angle between the lines 
r=r l +\m l and r=r 2 + [irh 2 , then 
m l m 2 

cose= R|-R- 

Cartesian equations of two given lines be 
x-x^^z-z, w 
a, o, c, a 2 b 2 c 2 

men co, e- , - 

W a f +^+Ci)^a 2 2 +bl+c 2 2 ) 

The shortest distance between two skew lines 
r=a l +\b l and r=a2+\ib 2 isgivenby 


© 
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|(fe,x6 2 )(5 2 -5,)| 

x-x x y-y x 2-z, 



b x b 2 b 3 

Cj c 2 c 3 

= 0. 


d = 


If the lines r = 3, + A. b t and f = a 2 +\ib 2 intersect. 
Then, the shortest distance between them is zero. 
The shortest distance between the skew lines 
^ =2 ^ = ^ and x- f2=Z - Zl= z :: z I 
a, b x c, a 2 fc 2 c 2 

is given by 

*2"*i Z 2“ Z 1 


~W~ 


S.D. = 

vWiere D = {(a,fc 2 - a 2 fc 1 ) 2 + (fc,c 2 - fc 2 c,) 2 + 
(c,a 2 - c 2 a,) 2 }. 

(fa plane makes intercepts of lengths a, b, c with the 
x-axis, y-axis and z-axis respectively, the equation 

of the plane is —+^+—= 1. 

a b c 

If h is a unit vector normal to a given plane and 
p is the length of the perpendicular drawn from 
the origin to the plane then the vector equation of 
the plane is r-n=p. 

The equation of a plane through the intersection 
of two planes r n, = q x and rh 2 =q 2 is given by 
r-(ii l +7Ji 2 )=q l +Xq 2 . 

The equation of a plane through the intersection of 

two planes a,x + b x y + c,z + d { = 0 and 

a .,x + bjy + c 2 z + d 2 = 0 is given by 

(a,x + b i y + c,z + d t ) + k (ajX + b 2 y + c 2 z + d 2 ) = 0. 

The vector equation of a plane passing through a 

point A with position vector a and perpendicular 

to a given vector h is (?-«)• n=0. 

The Cartesian equation of a plane passing through 
a point A (x p y,, z,) and perpendicular to a line 
having direction ratios n v n 2 , n 3 is 
(x - x,)n, + (y - y t )n 2 + (z - z,)« 3 = 0. 

The vector equation of a plane passing through a 
given point with position vector a and parallel to 
two given vectors b and c is (r-a)(bxc) = 0. 
The equation of a plane passing through a given 
point A (Xj, y v z,) and parallel to two given lines 
having direction ratios b v b 2 , b 3 and tr,, c 2 , c } is 


= q 2 a; 


The vector equation of a plane passing through three 
non-collinearpoints with position vectors a, b,c is 
(r-a)[(.b-a)x(c-a)]= 0. 

The equation of a plane passing through three given 
non-collinear points A(x p y v z,), B(x 2 , y 2 , z 2 ) 
and C(x y y y z 3 ) is given by 

X-Xi y-y, z- 
x 2 -x, y 2 -y\ z 2 
x 2 ~x x y 3 -y x z 3 
If Q be the angle between two planes 
r n l =q l and r n 2 = q 2 , then 

Two planes r h x =q l and r ■ h 2 
perpendicular to each other 
» h x lh 2 . 

<=> «j ■ «2 = 0. 

Two planes f ■ n, = q, and r n 2 =q 2 are parallel to 
each other 
<=> «i II n 2 . 

<=> h x = \n 2 for some scalar X. 

Let 0 be the angle between two planes 
a i x + b x y+c l z+d l =0anda 2 x + b 2 y + c 2 z+d 2 =0 
(a x a 2 + b x b 2 + c,c 2 ) 

yj(a x +bf +c x )yj(a 2 +b 2 +cj) 

Two planes a,x + b t y + c,z + d, = 0 and 

a 2 x + b 2 y + c 2 z + d 2 = 0 are perpendicular to each 

other 

<=> their normals are perpendicular to each other. 
«=> lines with direction ratios a v b r c,, and 
a 2 , b 2 , c 2 are perpendicular to each other. 

«=> a l a 2 + b x b 2 + c l c 2 = 0. 

Two planes a,x + b t y + c x z + d x = 0 and 

a 2 x +b 2 y + c 2 z + d 2 = 0 are parallel to each other, 

<=> their normals are parallel to each other. 

«=> lines with direction ratios a,, b v c y and 
a 2 , b y c 2 are parallel to each other. 


Then, c 
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^ £l = *L = £l 
a 2 b 2 C 2 ' 

► IfQ is the angle between the line r = a + Xb and the 
plane r ■ n=q then 



The line r = a + Xb and the plane r h = q are 

► perpendicular if b= tn for some scalar t. 

► parallel if bn =0. 

If the line r = a+Xb and the plane r h = q are 


parallel then the distance between them is 


H 


► IfQ is the angle between the line 

x-x, y-y l z-z, 

—“— ———— = —— and the plane 

ape + bpy + c 2 z + d = 0, then 

. jn „ (fl,a 2 +V> 2 + c,c 2 ) 

+ C? ) (^2 + b 2 +C 2 ) 

a i h c i 

perpendicular to the plane apc + by + cpc + d = 0 only 


► The line * ^ ^ = —■ Z| is parallel to the 

a, o, c, 

p/tjne tt 2 x + iy + c 2 z + d = 0 only if 
a l a 2 + b l b 2 + c 1 c 2 = 0. 

► 77ie length p of the perpendicular drawn from a 
point with position vector a to the plane r ■ n=d 
is given by 



► The length p of the perpendicular from a point 
A (x v y,, z,J to the plane ax + by + cz + d = 0 is 
given by 

|ox, + i>y, +cz l +d\ 

\la 2 +b 2 +c 2 

► The two lines r = a t +X b t and r = a 2 + \ib 2 are 
coplanar if 


Also, the equation of the plane containing both these 
lines is 

(r-a,) (b, xb 2 ) = 0 or (r—x b 2 )=0. 

x-x, y-y, z-z, 

► The lines -= —r— = - and 

a \ b \ c i 


*-*2 y-yi 2 -z 2 

a 2 b 2 c 2 


are coplanar 


z 2 -z, 
c, =0. 


b 2 c 2 


And, the equation of the plane containing both these 
lines is 


y-yi 

b \ 

b 2 


x-*i y-yi z-z 2 
a, b, c, =0. 
a 2 b 2 c 2 



VERY SHORT ANSWER TYPE 


1. Find the equation of the plane which is parallel to 
the plane 2x-3y + z + 8 = 0 and which passes 
through the point (-1,1,2). 

2. Write the vector equation of = ~~- 


3. Find the angle between the pair of lines 

-x + 2 _ y-1 _ z + 3 and x + 2 _ 2y-8 _ z-5 


-2 


-3 


-1 


4. For what values of m, the vectors 2i—3j+4k and 
mi + 6 j - 8 k are collinear? 

5. Find the direction cosines of the line passing 
through the following points (-2, 4, -5), (1, 2, 3). 
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SHORT ANSWER TYPE 


6. Find the value of X for which the points A(-1,3,2), 
B(-4, 2, -2) and C(5,5, X) are collinear. 

7. Find the vector and Cartesian equations of the 
plane which passes through the point (5, 2, -4) and 
perpendicular to the line with direction ratios 2,3, -1. 

8. Find the angle between the lines 

r = 2i - Sj + k + X(3i+ 2j + 6k ) and 

r = 7/-6jk + ji(i + 2)+2fc). 

9. Find the direction cosines of the unit 
vector, perpendicular to the given plane 
r ■ (3/ - Sj + 3k) + 3 = 0, passing through the origin. 

10. Find the angle between the two planes 

3x - 6y + 2z - 7 = 0 and 2x + 2y - 2z - 5 = 0. 
LONG ANSWER TYPE - I 

11. Find the shortest distance between the lines L x and 
L 2 whose vector equations are 

Lj: r = i+ j + X(2i — j + k) 

L^-.r = 2~i + 'j-k+\i(3i-5‘j + 2k)- 

12. Find the equation of the plane passing through the 

line of intersection of the planes r(i +3;)-6 = 0 
and r • (3i — j-4k) = 0 whose perpendicular 

distance from the origin is unity. 

13. Find the image of the point (1, 6, 3) in the line 
x _y-lz-2 

12 3 


14. Find the equation of a line passing through the 
point (1,2, -4) and perpendicular to two lines 

r = (8/ -1 9j + 10 k)+ X(3/ -16; + 7k) and 
r = (15/ + 29} + 5k) + p(3i + Sj - 5 k). 

15. Find the angle between two diagonals of a cube. 

LONG ANSWER TYPE - II 


16. Find the equations of the line passing through the 
points A(0, 6, - 9) and B(- 3, -6, 3). If D is the foot 
of the perpendicular drawn from a point C(7,4, -1) 
on the line AB then find the coordinates of D and 
the equations of the line CD. 


17. Find the length and the equation of the line of 
shortest distance between the lines 
s+1 _ y+l z+1 an j x ~3 - y~5 _ z-7 


1 


1 


-2 


1 


18. Find the vector equation of the plane passing th rough 
the intersection of the planes r (2i+2;'-3fc) = 7 
and r • (2i + 5j + 3k) = 9 and passing through the 
point (2,1,3). 


19. Show that the lines £jli _ = an( j 

x-2 y—4 z — 6 3 f, J , , . 

-= --=- intersect. Also, find their 

13 5 

point of intersection. 


20. The points A(4, 5, 10), B(2, 3, 4) and C(l, 2, -1) 
are three vertices of parallelogram ABCD. Find the 
vector equations of sides AB and BC and also find 
coordinates of point D. 


1 . Any plane parallel to the given plane is 
2x - 3y + z + k = 0 for some constant k. 

If it passes through the point A(-l, 1,2), then 
2x(-1)-3x l+2 + fc = 0 
=> (-2-3 + 2) + fc = 0 => -3 + k = 0 => k = 3 
Hence, required equation of plane is 
2x - 3y + z +3 = 0. 


2. The line passes through point (5, -4,6) and dr’s of 
the line are 3,7, -2. 

.•. Vector equation is r = (5/ — 4j + 6k) 

+ X(3? + 7) - 2*) 


3. D.r.’s of lines are 2,7, -3 and-1,2,4 

As 2 x (-1) + 7x2-3x4 = 0, so lines are 
perpendicular. 

Hence, required angle is 90°. 


4. Let given vectors are a = 2i-3j+4k and 
b = m~i+6j-8k. 

We know that, vectors a = a x i + a 2 j + a 3 k and 
b =b l i + b 2 j + b i k are said to be collinear, if 
b L= b L= b L 

a l a 2 ' 


5. D.r.’s are 1+ 2,2 - 4,3 + 5, i.e., 3, -2,8. 
Dividing by n/9 + 4 + 64 = ^77 ; dc's are 

3 -2 8 

Jn'J77’J77 

6. The equation of the line AB is 

x + 1 _ y- 3 _ z — 2 
-4 + 1 2-3 -2-2 
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x + 1 y -3 z-2 
^ -3 _ -1 ~ -4 

Since the points A, B and C 
point C(5,5, A.) lies on (i). 

5+1 5-3 X-2 X-2 


collinear, so the 


=> X-2 = 8 => X = 10. 

7. The plane passes through the point A(5, 2, -4) 
whose position vector is a = (5i+2j—4k) and 
the normal vector n perpendicular to the plane is 
ii = (2i+3j-k). 

So, the vector equation of the plane is f-n = an 
=> r • (2? + 3j—£)=(5?+2}—4fc) • (2/+3}—i) 

= (10 + 6 + 4) = 20 

Hence, the required vector equation of the plane is 
r(2i+3}-Jt) = 20 ...(i) 

Cartesian Form: 

Let r = (xi + yj + zk), then from eqn. (i) 
( 1 xi+yj+zk)(2i + 3j-k) = 20=*2x + 3y-z = 20. 
Hence, the required Cartesian equation is 
2x + 3y - z = 20. 

8. Given lines are r = 2i-5j+k+X(3t+2j+6k) 
and r = 7i-6k + n(i+2j+2k) 

On comparing with r = 5, + Xb x and r = a 2 + Xb 2 . 
we get b x = 3i+2j+6k and b 2 =i + 2j + 2k 
The angle between the lines is given by 

cose = 1 h'h I = I & + 2j + 6k) ■ 0 + 2j + 2k) I 

IlMIM |V 3 2 + 2 2 +6 2 Vl 2 + 2 2 +2 2 | 

3 + 4 + 12 I _ 19 _ 19 

| V9 + 4 + 36>/l + 4 + 41 V49V9 21 


9. Given equation of plane can be written as 

r (—3/+5j—3*) = 3 [v d>0]...(i) 

Now, | —3 i + 5) - 3k | = V(-3) 2 + (5) 2 + (—3) 2 
= i/9 + 25+9 = V43 

On dividing both sides of Eq. (i) by -J43, we get 
_ (—3?+ 5 } - 3k) _ 3 
V43 V43 

_JL“_3 ,-/) 3 


which is of the form rn = d, where n is a unit 
vector perpendicular to the plane through the 

0ri8ta f 3, 5, 3 A 

Hence, direction cosines of n are 
3 _5_ _ 3j 
l V43 >/43 ViJJ 

10. Given equations of planes are 3x - 6y + 2z - 7 = 0 
and 2x + 2y - 2z - 5 = 0 

On comparing with a x x + b x y + c,z + dj = 0 and 
« 2 x + b 2 y+ c 2 z + d 2 = 0, we get 
a, = 3, f», = -6, c, = 2 and a 2 = 2, fc 2 = 2, c 2 = -2 
Now, the angle between two planes is 

e=cos-'| . —I 

= cQs _, 1 3x2 + (-6) x 2 + 2 x (-2) 

W 3 2 + (— 6) 2 + ( 2) 2 >/ 2 2 + 2 2 +(- 2) 2 I 


6-12-4 

V9 + 36 + 4-S/4+4+4I 


|>/49>/l2| 




v 7 x 2V3 J 

. Comparing the given equations with the standard 
equations r = a, + X fe, and r = d 2 + p f> 2 , we have 
d, = (/ + }),£, =(2J-j + k) 
d2=(2i + j-k) and b 2 = (3i-5j + 2k) 

(a 2 -a l ) = (2hj-k)-6+j) = 6-k) 


and b, x b 2 = 


2 -1 1 
3-5 2 


=(—2+5)»—(4—3) _/+(—10+3)Ac 


= (3i-j-7k) 

| F, xfc 2 | = V3 2 +(-l) 2 +(—7) 2 = V59 
.'. Shortest distance = I—— x ^) j 

I I*. **2 I I 

| (f - fc) (3? - ) - 7fc) | 

V59 

13-0+71 10>/59 . 

- > — 7 ——= -uml 

V59 59 
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12. Let r = (xi + yj + zk) then the given equation of 
planes are 

(xl + y'j + zk) (i+ 3~j)-6 = 0 =* x+3y-6 = 0 ...(i) 
(xi+yj+zk)(3i-j-4k) = 0=>3x-y-4z = 0 

...(ii) 

The equation of any plane passing through the line 
of intersection of the given planes is given by 
(x + 3y - 6) + X(3x - y - 4z) for some real number X. 
=> (1 + 3X)x +(3 - X)y-4Xz-6 = 0. ...(iii) 

Length of perpendicular from origin to plane (iii) 
is given as 1. 

|0+0-0-6| 

y](l + 3\) 2 +(3-X) 2 +(-4X) 2 
=> (1 + 3A.) 2 + (3 - X) 2 + (-4X) 2 = 36 
=> 26X 2 = 26 => X 2 = 1 => X = ±1. 

Putting X = 1 in (iii), we get 
4x+2y-4z-6 = 0 => 2x + y-2z-3 = 0. 

Putting X = -1 in (iii), we get 
-2x + 4y + 4z - 6 = 0 => x-2y-2z + 3 = 0. 
Hence, the required equations of the plane are 
2x + y- 2z-3 = 0 and x-2y-2z + 3 = 0 


13. Let the given point be P( 1,6,3) 
and the given line be AB whose 
equation is 
x _ y- 1 _ z-2 
1 2 3 


1 P(l,6,3) 


Draw PQ X AB and produce it 
to P' such that QP' = PQ. 

Then P' is the image of P in the line AB. Coordinates 
of Q are (r, 2r + 1,3r + 2) for some value of r. 

D.r.'s of PQ are r - 1,2r + 1 - 6,3r + 2 - 3 
i.e.,r- 1,2r- 5,3r-l 


D.r.'s of AB are 1,2,3. 

Since PQ 1 AB 

.-. l(r-l)+2(2r-5) + 3(3r-l) = 0 

=> 14r- 14 = 0 => r= 1 

.'. Coordinates ofQ are (1,3,5). 

Let the coordinates of P' be (a, P, y). 
Since Q is the mid-point of PP', 

. a+1 _i P +6 _3 ~y +3 : 
"2 ’ 2 ’2 

=> a=l,P = 0,Y = 7 

Hence, the coordinates of P' are (1,0,7) 


14. Let line through the point (1,2, -4) be 

r = («+ 2j - 4X) + X 'm , where X' is a scalar ...(i) 
Line (i) is perpendicular to lines 
r = (8/ -19}+10X)+X(3i -16}+ 7 k) 
and r =(15i+29j+5k)+fl(3i+8j-5k) 

(3?-16}+7X) m = 0 and (3/ + 8)-5X) m = 0 



k 

7 

-5 


= 24/ + 36)+72X 


.•. From (i) line is 
7 = 0+2]- 4k) + X'(24i+36}+72 k) 
or r=0+2j—4k) + X"(2i +3j+6k), 
where X" = 12X' is a scalar 


15. Let each side of the cube be a. Let us take O as the 
origin and OA, OC, OG as the x,y, z axis respectively. 
The coordinates of O and E are respectively (0,0,0) 
and ( a , a, a). 

Therefore the direction cosines of OE are 

a -0 _ a- 0 a -0 \ 


h 





Y 


The coordinates of A and D are respectively 
(a, 0,0) and (0, a, a). 

Therefore the direction cosines of AD are 


(n£ 


+ a 2 '[a 2 


1 J_ J_ 

H' S' S 

If 0 be the angle between the diagonals OE and AD, 
then cos0 = /,/ 2 + m l m 2 + n,n 2 
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1 ( _ i_\ J_ J_ _1_ _1__1 

Hence 6 = cos -1 (t J 

Thus, the angle between any two diagonals is 



16. The equation of line AB is 

jc— 0 _ y-6 _z+9 x y-6 z+9 
-3-0 -6-6 3+9 ^ -3~ -12 ” 12 
x y-6 z + 9 . , 

=» -='— = — = a( say) ...(t) 

14—4 

From (i), we get x = a, y = 4o + 6 and z = -4a - 9. 
So, the coordinates of D are D(a , 4a + 6, - 4a - 9) 
for some particular value of a. 

D.r.'s of AB are 1,4, -4. 

D.r.'s of CD are (a - 7), (4a + 2), (-4a - 8). 

Since AB 1 CD, we have 

l(a - 7) + 4(4a + 2) - 4(-4a - 8) = 0 

=> 33a = -33 => a = -1. 

Putting a = -1, we get the coordinates of D as 
D(-l, 2, -5). 

The equation of the line CD is 
x— 7 y-4_ z + 1 x— 7_y —4_z + l 

-l-7 - 2-4 _ -5+l => ^r _ -2 ~ — 
x-7 y-4 z+1 

4 “ 1 ” 2 

17. The equations of the given lines are 

*±i.Z±!.£±i,M»ny) ■•■«) 

Any point on (i) is P(7A - 1, -6A - 1, A - 1). 

Any point on (ii) is Q(p + 3, -2p + 5, p + 7). 

The direction ratios of PQ are 
(p - 7A + 4, -2p + 6A + 6, p - A + 8). 

Now, PQ will be the shortest distance between (i) 
and (ii) only when PQ is perpendicular to both (i) 
and (ii). 

.-. 7(p -7A + 4) - 6(-2p + 6A + 6) + 1- (p - A + 8) = 0 
and l-(p -7A + 4) - 2 (-2p + 6A + 6) + l-(p-A+8) = 0 
=> 20p - 86A = 0 and 6p - 20A = 0 
=> lOp - 43A = 0 and 3p -10A = 0 
=> A = 0 and p = 0. 

PQ will be the line of shortest distance when 
A = 0 and p = 0. 


Putting A = 0 and p = 0, we get the points 
P(-l,-1,-1) and Q(3,5,7). 

.■. Shortest distance = |PQ| 

= V(3 + l) 2 +(5 + l) 2 +(7+l) 2 
= >/( 4) 2 +(6) 2 +(8) 2 =^16+36+64 
= VM6 = 2^29 units. 

Clearly, the equation of the line of shortest distance 
is the equation of line PQ given by 
x— 3 _ y—5 z — 7 
3+1 " 5+1 " 7 + 1 

x-3 y-5 z-7 x-3 _ y—5 _ z-7 

^ 4~ 6~ 8 ° r 2 _ 3~ 4 

18. The equations of the given planes are 
r-(2f+2}-3fc) = 7 and F-(2/+ 5> + 3fc) = 9. 

These are of the form r n l =q 1 and r ^ > 

where n l =(2i+2j-3k)< n 2 = (21 +5j+3k), 
q, = 7andq 2 = 9. 

The equation of the plane through the intersection 
of the given planes is given by 
r • (ii, + An 2 ) = (^ + A q 2 ) for some real number A 
=> r • ((2? + 2} - 3 k) + A(2/ + 5 j + 3k)] = (7 + 9A) 
=> r-[(2 + 2A ji + (2 + 5A)} + (-3 + 3A)Jt] = (7 + 9A) 
...(0 
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If the plane (i) passes through the point A(2, 1,3), 
then r = (2i+j+3k) must satisfy it. 

(2/+)+3X) ■ [(2+2X)f+(2 + 5X)} 

+(-3+3X)fc] = (7+9X) 

=* 2(2 + 2X) +1 • (2+ 5X) + 3(-3 +3X) = 7 + 9X 
=> (4 + 4X) + (2 + 5X) + (-9+9X) = 7 + 9X 

=> 9X = 10 => X = — 

9 

Putting X = — in (i), we get the required equation 
of the plane as 


2 + 


20V 


+ 2 + 


50 Y 




*?>]■ 


=> r ■ (38; + 68; + 3k) = 153. 
19. Let the given lines are 
x + 1 _ y + 3 _ 2 + 5 _ 


- = X 


x—2 y- 
1 ” 3 


(7+10) 


...(ii) 


and 

Then, any point on line (i) is 

P{3X -l,5X- 3,7X - 5) ...(iii) 

and any point on line (ii) is 

Q(p + 2,3p + 4,5p + 6) ...(iv) 

If lines (i) and (ii) intersect, then these points must 

coincide. 

.-. 3X -1 = p + 2,5X - 3 = 3p + 4 and 7X - 5 = 5p + 6 
=> 3X - p = 3, ...(v) 

5X - 3p = 7 ...(vi) 

and 7X- 5p = 11 ...(vii) 

On multiplying Eq. (v) by 3 and then subtracting 
Eq. (vi) from it, we get 
9X - 3p - 5X + 3p = 9 - 7 


4X = 2 = 


► X = 


On putting the value ofX in Eq. (v), we get 
3xi-p=3 


On putting the values of X and p in Eq. (vii), we get 

7x —— 5 f——1 = !! => — + — = !! => — = H 


11 = 11, which is true. 


Hence, lines (i) and (ii) intersect and their point of 
intersection is 


P\ 3x — l,5x — 3,7x 


20. Firstly, we find vector equation of AB, where 
A(4,5,10) and B(2,3,4). 

D(x,y,z) _C( 1,2, -1) 


A(4,5,10) B(2,3,4) 


We know that, vector equation of a line passing 
through two points is given by 

f = a + X(b-a ) ...(i) 

where a and b are the position vectors of points 
through which the line is passing. 

Here, position vectors are 

a = OA = 4i+ 5j + 10 k 

and b = OB = 2i+3j + 4k 

From Eq. (i), the required equation of line AB is 

f = (4i + Sj + 10 k) + X[2i+3} + 4k- (4/ + 5}+10fc)] 

=» r = (4? + 5) + lOfc) — X(2i + 2}+6k) 

Similarly, vector equation of line BC, where B(2, 3,4) 
and C(l, 2,-1) is 

r = (2i + 3~j + 4k) + V[i + 2j-k-(2i + 3~j + 4k)] 

=> r =(2i+3; + 4Jk)-p(i + }+5Jt) 

Now, Mid-point of diagonal BD = Mid-point of 
diagonal AC 

[ V diagonal of a parallelogram bisect each other] 
f x+2 y+3 Z + 4 W 4+1 5+2 10-1 ^ 

l 2 ’ 2 ’ 2 2 ’ 2 ’ 2 ) 


On comparing corresponding coordinates, we get 
x+2 5 y+3 7 2+4 9 


=> x = 3,y = 4andz = 5 

/. Coordinates of point D = (x, y, z) - (3,4, 5) 


MPP-8 CLASS XI | 

I. (c) 2. (d) 3. (b) 

6. (d) 7. (a,d) 8. (c) 

II. (a,c) 12. (a, b) 13. (b,d) 

16. (a) 17. (3) 18. (5) 


ANSWER KEY 


4. (b) 5. (a) 

9. (a,b,c,d) 10. (a,b,c) 

14. (a) 15. (b) 

19. (6) 20. (9) 
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MPP.fi MONTHLY 

IWII I VJ Practice Problems 


T his specially designed column enables students to self analyse their 
extent of understanding of specified chapters. Give yourself four 
marks for correct answer and deduct one mark for wrong answer. 

Self check table given at the end will help you to check your 
readiness. 

Differential Equations 



Total Marks: 80 

Only One Option Correct Type 

1. Solve: ^-+x 2 =x 2 e 35 

dx 

(a) (1 - e~ 3s ) = Ae* 3 (b) (1+ e" 3s ) = a/ 
(c) (l-e 3s ) = Ae* 3 (d) (1 —e _3j ) = Ae-* 3 

2. Solution of the differential equation 
dy yjx-y\ogy) 

dx x(xlogx-y) 

(a) ]£8£_i2iZ =c (b) l£g£ + l2£Z = c 


(c) 


3. Solve the differential equation. 

^xe y,x - y sin — j dx+x sin—dy = 0 

(a) ^sin — + cos— j= logkx 

(b) -e ylx ( sin—+ cos—1= logfcx 
2 V. x x) 

(c) e^^sin—+ cos—j= logfcx 

(d) e~? lx ^sin-^ + cosy j= logfcx 

4. Solve:(2x + y + 3)dx = (2 y + x+ 1 )dy 

(a) (x + y + 4/3) (x - y + 2) 3 = c 

(b) (x + y + 4/3) (x + y + 2) 3 = c 

(c) (x - y + 4/3)(x - y + 2) 3 = c 

(d) (x - y - 4/3) (x - y - 2) 3 = c 


Time Taken: 60 Min. 


. dy | y = X + yj{l-X 2 ) 
' dx (l-x 2 ) 3/2 (1-x 2 ) 2 

’ = —+ ce xl '^'~ x * 

1-x 2 


£ iogx ±z log Z = c (d) xlogx- Z log Z = c 


(c) y = - 


(d) none of these 
6. Solve the differential equation 

cos 2 x^ - (tan 2x)y = cos 4 x, | x | < - 
dx 4 


where yfj)~. 


2 l-tan 2 x 
sin2x 


2 1 + tan 2 x 
sin2x 


1 - tan x 1 + tan x 

One or More Than One Option(s) Correct Type 

dy 

y*=y * > y~ 

(a) y+cx = <?x* 

(b) xy = c 2 x-c 

(c) obtained by putting p = — in the given equation. 

(d) obtained by putting P = ~j in the given equation. 
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8. The equation of the curve satisfying the differential 

equation, y[ — ] - 
\dx) 




11. The solutions of v = 


du vd «) 


(a) circle 
(c) parabola 


(b) straight line 
(d) ellipse 


9. The solution of the equation — - 3y = sin2x is 
equal to 

(a) ye' 3 * =-^e -3 *(2cos2x+3sin2x)+c 

(b) ^=-^(2cos2x + 3sin2x) + ce 3 * 


13 


(c) y=i 


"Till® 


•cos|2x-tan J J+ce 

-if 2 


i 2x+tan 


\+ce- 


,3* 


and v = xy are equal to 

(a) y = 0 (b) y= -4x 

(c ) xy = cy+c 2 (d ) x 2 y=cy + c 2 

12. The solution of —+x = xe (n ~ l)y is 
dx 

(a) ^T 1 o 4-7^J = T +c 

,(»- , )r = cc ( "- 1) ' +( "- 1) T + 

e (n-l)y \ 

(n-1 )j 


(b) e' 

(c) log I 


(where c is arbitrary constant) 

10. Solution of the differential equation 

x cos x j + y (x sin x + cos x) = 1, is equal to 

(a) xy = sin x + c cos x 

(b) xysecx = tan x + c 

(c) xy + sin x + c cos x = 0 

(d) none of these 

(where c is arbitrary constant) 


(d) e (n ~ l) y 

13. The solution of 
equal to 

(a) yjx 2 + y 2 =a| 

(b) Jx 2 + y 2 =a\ 


(n-Dy— 

xdx + ydy _ ja 2 -x 2 - 
xdy-ydx \ x 2 +y ; 

s ,„(u»-'2) +c ) 

cos I tan -1 — j+c I 
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-a\ tan sin — +c 


(d) y = xtan^c + sin -s]x*+y* 

Comprehension Type 

dy 

y = xp + j[p), where p = —, is known as Clairaut's 

Equation. To solve given equation, differentiate it 
w.r. to x, which gives either 


dx ° : 


p = c c 


+ /'(/>) = o 



Column I 


Column II 

p. 

(1 +xsjx 2 + y 2 )dx 
+(-l +y/x 2 + y 2 )ydy 
= 0 

1 . 

xe x =c 

Q. 

(x - 1) dy + y dx 


V 2 1 

= x(x-l)y m dx 

2. 

x .L. + l (x 2 + y 2f 2 =c 


14. The number of solutions of the equation f{x) = -1 
and the singular solutions of the equation 

'"£♦&J * 

(a) 1 (b) 2 

(c) 4 (d) 0 

15. The singular solution of the differential equation 

y=mx+m-m i where m = — passes through 
, dx 

the point 

(a) (0,0) (b) (0,1) 

(c) (1,0) (d) (-1,0) 

Matrix Match Type 

16. Match the differential equations with their solution. 


R. 

(y(l+*-*) +siny)dx 

+ (x+logx 

+ x cos y)dy = 

3. 

y 2/3( JC _ 1) 2/3 = (x^r 

S. 

xcos —dy 

X 

= ^ycos—-x jdx 

4- 

xy + y log x + x sin y = c 


P Q 


R S 


(a) 2 3 


4 1 


(b) 1 3 


4 2 


(c) 3 1 


2 4 


(d) 4 2 


1 3 


Integer Answer Type 

17. If the curve satisfying ydx + (x + x 2 y)dy = 0 passes 

through (1,1), then - 4 logy(4) +-7— is equal to 
y{ 4) 

18. A particle moves in a straight line with a velocity 


the time taken by a particle to travel a distance of 
99 m is X, then the value of 4 X log 10 e must be 

19. The largest value of — c such that there exists a 

Jt 

differentiable function h{x) for -c < x < c that is a 
solution ofyi = 1 4-y 2 with h(0) = 0 is 

20. An object falling from rest in air is subject not only 
to the gravitational force but also to air resistance. 
Assume that the air resistance is proportional to 
the velocity with constant of proportionality as 
k > 0, and acts in a direction opposite to motion 
(g = 9.8 m/s 2 ). If the velocity cannot exceed A m/s, 

then the value of — Ak is 


_ Keys are published in this issue. Search now'. © 

rpucri/ y Check your score! If your score is 

OtLr UK W > 90% EXCELLENT WORK ! You are well prepared to take the challenge of final exam. 

No. of questions attempted . 90 ’ 75% 1 G00D W0RK ! You «" “ ore 9°° d in the final exam - 

No. of questions correct . [74-60% j SATISFACTORY ! You need to score more next time. 

Marks scored in percentage . I < 60% NOT SATISFACTORY! Revise thoroughly and strengthen your concepts. 


MATHEMATICS TODAY I DECEMBER' 17 

























pROBLE/lj 

Set 180 


1. Let S be the sum of all two-digit numbers each of 
which contains one odd and one even digits. Then 
S is divisible by 

(a) 2 (b) 3 (c) 4 (d) 6 

2. OABC is a tetrahedron, OA = 3, BC = 2 and the 

shortest distance between OA and BC is 2. If the 
angle between OA and BC is 30°, then its volume is 
(a) 1 (b) 1/2 (c) 73 (d) 2 


3. The minimum value of 

fix) = 2 (Io «8 3)cosJ * + 3 (lo 8s 2 > si " 2 * is 

(a) (b) 2 log *^ 

(c) 3 log »^ (d) 2 1+log «' /i 

4. If /(2) = £±i, z*i, 2„=/(z„_i), n e N and 
z = -| + i, then z 20n = a + bi, where a + b = 

(a) II (b) 101 (c) 1011 (d) 2011 


5. In triangle ABC, AB = AC = m and D is a point on 
BC such that BD = 9, DC = 21 and AD = n. If m and 
n are integers then m-n can be 
(a) 2 (b) 5 (c) 6 (d) 7 



6. TVo sides of an isosceles triangle are parallel to the 
coordinate axes. If m l and m 2 are the slopes of the 
bisectors of the acute angles of the triangle, then 

J»L_ 

m 2 

(a) 72-1 (b) 1 

(c) 3 - 272 (d) none of these 


© 


The hexagon ABCDEF is inscribed in a circle. If 
AB = 11, BC = CD = DE = EF = FA = 4, then 


7. AE = 

(a) 10 (b) 27l4 (c) aTlO (d) 7l9 


8. AD = 

(a) 10 (b) 2714 (c) 37l4 (d) 720 


9. K C r=P) and N=X(r-l)rC r .,C r , then the si 
of digits of N is 


10. Match the following. 



P Q R S 

(a) 4 2 1 3 

(b) 2 4 3 1 

(c) 1 2 4 3 

(d) 2 3 _1_4_ 

Sc* Solution Set of Maths Musing 179 on page no 88 
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Main 2018 

MOCK TEST PAPER 


Series-6 

Time: 1 hr 15 min. 


The entire syllabus of Mathematics of JEE MAIN is being divided into eight units, on each unit there will be a Mock 
Test Paper (MTP) which will be published in the subsequent issues. The syllabus for module break-up is given below: 


Unit 

No. 6 

Topic 

Syllabus In Detail 


Differential 

calculus 

Derivative of the sum, difference, product and quotient of two functions, chain rule, 
derivatives of polynomial, rational, trigonometric, inverse trigonometric, exponential 
and logarithmic functions. Derivative of implicit functions, derivative up to order two. 


Trigonometry 

Inverse trigonometrical functions and their properties. Height and distance 


Vector Algebra 

Vectors and scalars, addition of vectors, components of a vector in two dimensions and 
three dimensional space, scalar and vector products, scalar and vector triple product. 


Matrices and 
Determinants 

Matrices as a rectangular array of real numbers, equality of matrices, addition, 
multiplication by a scalar and product of matrices, transpose of a matrix, determinant 
of square matrix of order up to three, Properties of determinants, area of triangles 
using determinants , inverse of a square matrix of order up to three, properties 
of these matrix operations, diagonal, symmetric and skew-symmetric matrices and 
their properties, solutions of simultaneous linear equations in two or three variables 


1. If x = sin t-cosect,y = sin 5 1 — cosec 5 /, then 

(x 2 +4)^ = 

dx 2 

(a) xf-5y (b) ~xy + 5y 

ax dx 


2. The derivative of the function 

/(x) = cos" 1 \ - 4 = (2 cos x - 3 sin x) i 


IViT 


with respect to vl + x is 

(a) 2x (b) 2^1+x 2 

Vl+x 2 


(c) 


(d) 


V ^ 2 


3. Let y be an implicit function of x defined by 
X lx -2x x cot y- 1 = 0. Then /(1) = 

(a) -1 (b) I (c) ln2 (d) -ln2 

3 

4. If/(x) = |x - 2| andg(x) =f(f(x)), then ^^'(2r-l) = 

(a) 0 (b) 1 (c) -1 (d) 2 

5. Let g(x) be the inverse of an invertible function/(x), 
which is differentiable for all real x, then g'(x) = 


+sin 1 |-^U(2sinx+3cosx)| 


f"(x) 


/ , (x)/ // (x)-(/ , (x)f 

/'(*) 


C f’M? 

. f'wr(x)-(f\x)f 

<Cl (TMf 

(d) none of these 

V3-1 1-x 2 

g(x)= 3x X .then -j-(/(g(f)))atf = is 
1—3x 2 dt 


By : Sankar Ghosh, S.G.M.C, Mob : 09831244397. 
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(a) 1 (b) 2 

(c) 0 (d) none of these 


x log, x log*. 


(c) 0 

If xy=e-e y , then 


<c) 7 


<t» -p— 

xlog e x 

(d) none of these 

f&L- 

"7 

(d) none of these 


9. If y yY =log f .(x + log(x+...)) > then 


dy 


(c) 


at (x = e 2 -2,y = -Ji) is 


l 08 (i) 

2>/2(e 2 -l) 
V2 log e 2 
(e 2 -1) 


, >og 2 

2>/2(e 2 -l) 


(d) none of these 


10. If P(x) is a polynomial of degree < 2 such that 
P(0) = 0, P(l) = 1 and P'(x) > 0 V x e [0,1] then S, 
the set of such polynomials is 
(a) <|> (b) {(l-b)x 2 +fex,0<b<3] 

(c) {(l-b)x 2 +bx,0<b<«>} 

(d) none of these 


11. If sin- 
then 


os-'d+b+b* +...) = -, 


(a) a = -3 and b = 1 (b) a = 1 and b = -1 

(c) a = 1/6 and b = 1/2 (d) none of these 


12. If a = sin -1 — + sin -1 — and P = cos -1 ^+cos -1 i, 

. 2 3 K 2 3 

then 

(a) a > P (b) a = P 

(c) a < P (d) a + P = 27t 

13. If [cot _1 x] + [cos~'x] = 0 where x is non-negative 
real number and [•] denotes the greatest integer 
function, then complete set of x is 

(a) (cost, 1] (b) (cosl.cotl) 

(c) (cotl, 1] (d) none of these 


14. The set of the values of x satisfying 



(a) [0,1] (b) [j=,l] 

(c) [o,j=] (d) [-1,1] 

15. If A=2tan“ I (2V2-l)andfl=3sin -I ^j +sin _1 ^j, 
then 

(a) A = B (b ) A<B 

(c) A>B (d) none of these 

16. The value of 



(a) 0 (b) Jt/4 (c) 7t/6 (d) n/2 


17. If [sin -1 cos -1 sin -1 tan -1 x] = l, where [•] denotes 
the greatest function, then x belongs to the interval 

(a) [tan sin cos 1, tan sin cos sin 1] 

(b) (tan sin cos 1, tan sin cos sin 1) 

(c) [1,-1] 

(d) [sin cos tan 1, sin cos sin tan 1] 


18. If sin ! x+sin *y+sin *z = — and/1) = 1, 
fip + q) =fip)-ftq) Vp.qe R then 


x /«) + > /(2) +z /<3)_ 
(a) 0 (b) 1 


x+y+z 

x f(D + yf( 2) +z /(3) 
(c) 2 (d) 3 


19. Two flagstaffs stand on a horizontal plane. A and 
B are two points on the line joining their feet and 
between them. The angles of elevation of the tops of 
the flagstaffs as seen from A are 30° and 60° and as 
seen from B are 60° and 45°. If AS = 30 m, then the 
distance between the flagstaffs (in metres) is 

(a) 30+15>/3 (b) 45+15>/3 

(c) 60-15>/3 (d) 60+15V3 

20. A pole 50 m high stands on a building 250 m high. 
To an observer at a height of 300 m, the building 
and the pole subtend equal angles. The horizontal 
distance of the observer from the pole is 

(a) 25 m (b) 50 m 

(c) 25y/6 m (d) 25>/3 m 
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. For three vectors a,b,c 
[ax(f xc),bx(cxfl),cx(axft)]= 

(a) 2 (b) 4 (c) 8 (d) 0 

!. If a,b,c are three vectors such that each is equally 
inclined to the other at an angle 0, then 0 € 


(a) |0,^ 
(c) 


,71 


2jt 1 


(b) 

(d) [0, Jt] 


I. The number of unit vectors perpendicular to the 
vectors a = i+j and b=j +k is 


(a) 1 
(c) 3 


(b) 2 
(d) infinite 


I* 


26. If /(x) = 


sinx cosx 


, then lim 




(0 1 ,^ 


(d) 1. 


11 


29. If for a square matrix A = [tty], a t j = i 2 - j 2 of even 
order, then 

(a) A is a skew-symmetric and |A| = 0 

(b) A is symmetric and |A| is a square 

(c) A is symmetric and |A| = 0 

(d) none of these 

30. The set of Unear equations 

x+2(0y + 3co 2 z = (1 + (0)(1 - to) 

2x + 3toy+< o 2 z = 0)(© -1) 

3x+cay+2ca 2 z = co -1 

where to * 1 is a cube root of unity, has unique 
solution 

(a) (1,1,1) (b) (1,-1,1) 

(c) (i,-i.-i) (d) (-i.-i.-i) 


I. Let a=2 l i-j + k ,b = i+2j-kandc = i+j-2k 
be three vectors. A vector in the plane of b and c 


whose projection on a is of magnitude 

(a) 2i+3j-3& (b) 2i+3j+3k 

(c) -2i+j+5k (d) 2i+j+5k 

>. A vector of magnitude Vi coplanar with i+j+2k 
and i+2j+k and perpendicular to i+j+k is 
(a) -j+k (b) i-k 

(c) i-j (d) i-2j + k 


= x 2 tanx -x 3 

2x sin2x 5x 

(a) 1 (b) 4 (c) 3 (d) -4 

If0<[x] <2,-1 <[y] < 1 and 1 < [z] < 3, ([•] denotes 
the greatest integer function) then the maximum 
M+l [y] [z] 

value of determinant A = [x] [y] + l [z] 

W ly] [*]+ 

(a) 2 (b) 6 

(c) 4 (d) none of these 

1. The value of a for which the system of equations 
ax-3y + z = 0;x + ay + 3z=l ;3x+y + 5z = 2 
does not have unique solutions are 

(a) (b) -1,^ 


. ,, dy 5(sin 4 1 ■ cost + cosec 5 ! • cotf) 

dx cos t + cosect cot f 

dy _ 5(sin 5 1 + cosec 5 t) _ , 
dx sin t + cosecf ^ 

Now ( , 25 K sinS 1 - cos ec 5 0 2 + 4] _ 25(y z + 4) 

(yr (sint-cosecf) 2 +4 (x 2 + 4) 

^ (x 2 + 4)(/) 2 = 250^ + 4) 

Differentiating with respect to x and dividing both 
ie W WA aet (x 2 + 4)/' + x/ = 25 y 
2. (c) :Let u = cos -l |^=(2cosx-3sinx)J 

+sin -1 1 (2 sin x+3 cos x) J 


u = cos'*(cos0 cosx - sin0 sinx) 

+ sin"'(cos0 sinx + sin0 cosx) 
= cos"‘cos(0 + x) + sin _1 sin(0 + x) 


lx2x = x 
dx ?Vi +x 2 Vl+x 2 



3. (a) 

4. (a) : Given that /(x) = |x - 2| and g(x) = f[f(x)) 
Now, g(x) = ||x - 2| - 2| 
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( |x| when x<2 
4-x when 2<x<4 
x-4 when 4<x 
3 

Now - X g'( 2r ~ ^ = S'H)+S'(1) + gV)+g'(5) 
r=0 = -1 + 1 - 1 + 1 = 0 
5 . (a): Given that g~ x M = f(x) 

=> x = g(fM) => Mx))f W = 1 
=» MM) = 


f'M 
g"(fM)f'M = 


1 


{f'MY 


X/"(x) 


g'V(x)) = 


f'M 


{f’M? 

2V2-(1 + 73 ) 
V3-1 
{2V2—(1 + V3)} (V3 + 1) 


6. (c): Here, t = — 


Putting x = 0, y = 


Now,/(x) = —^- ■ => /(t)= ————■ = tan 15°=2—Vi 

1 _ v 2 1 _ f 2 


*(*) = 


1-3X 2 


Now, f(g(t)) = f(-j2 -l) = tan2|22— ] = tan45° 
/&»)) = 1 ^ ^ 

••• WO)' = 0. 

7. (b) : y = log* (lo& x)(log«,x) = lo & (log g x) x l ogf x 

=» y = log, (log, x) 0g(,X 

dy _ 1 

dx xlog c x 

8. (c):xy = e-e' ... (i) 


dx 2 


\-r 

> g(t)= 3t 1 = tan22—= 75-1 
i-3r 


9. (a): Let / = log e (x + log e (x+....)) = v 

.-. / = log<,(x + v) = v 


Now, QL = v v[-.- —Li ogv ) = v v (i_l og v) 
dv v v 2 ) 

dx v , 

— = e -1 
dv 

--2 

. dy _ v v (1-log v) 

^ e v -1 

Now, v v =>/2 ande v —v = e 2 —2 

.% v = 2, e v - v = e 2 - 2 = x, given, so true. 

= |>'| .. 1 — log 2 

W-2, y=fi Vdx) v=2 2-Jl(e 2 -1) 

10. (d) : Let P(x) = ax 2 + hx + c 

P(0) = 0 => c = 0, P(l) = 1 => a + h = 1 
/. P(x) = (1 - Wx 2 + bx 

P'(x) = 2(1 - b)x + b > 0 for 0 < x < 1 

11. (b) : Given that 

sin -1 + j+cos -, (l + h+h 2 +...) = ^ 

a 2 a 3 , 

This is possible when a -+— + ... = l+b+b +... 

2 3 


and -1 S 1 + b + b 2 + ... ^ 1 
=> |b|<l => M<3 


dx 


v dy dy 
y i +x Tx +y=0 


1 


[ v from (i), we get y = 1 if x = 0] 


Differentiating (ii) again with respect to x, we get 


dx 2 


dx 2 dx 


There are infinitely many solution. But in the given 
option it satisfies option only when a = 1 and b = -1/3. 

, -Ji , 1 

12. (c) : Given that a = sin —+sin - 

. „ -1 >/3 _,1 

and p = cos —+cos - 
2 3 

.•. a + P = Jt [ v sin~‘x + cos~'x = jt/2 V x] 
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Also, a=- + sin -< —+sin - 
3 3 3 2 


13. (c): [cor‘x] + [cos-'x] = 0 
=> [cor'x] = 0 and [cos'*x] = 0 

=> x e (cotl, oo) and x e (cosl, 1] ^ x e (cotl, 1] 

14. (b) : Let cos _1 x = 0 

L.H.S. = 20 when 0 S 0 < n ... (i) 

R.H.S. = sin' l (2sin0 cos0) = sin''(sin20) = 20 

when —j<(20)<=> -^<0<^ ...(ii) 

By (i) and (ii), 0<Q<,— => 0Scos _1 x = - 

4 ‘] 

15. (c) : We have A = 2tan-»(2>/2-l) = 2tan-*(1.828) 

>2 tan -1 yfi 

. 2k 
=> A > — 

3 


We have s 


I - 1= — => 3sin' 


I 1 I 


Now, 3sin |=sin l |3“4|^ 


D- 


■KH 


Now, 




„ „ , . -1^0 ■ -lfa') Jt It 2it 

Hence, B = 3sin 1 - +sin 1 - < —+—< — 

UJ UJ 3 3 3 


Hence A > B. 
16. (a): sin" 1 


,-JE 




■ 1+ cos l —+COS 1 -!= jj 

I 2 42 JJ 


= sin _1 (cot(15° + 30° + 45°)) = sin _l (cot90°) = 0 


17. (a) : We have [sin _1 cos“ 1 sin“ , tan _1 x] = 1 

=> 1S sin -1 cos -1 sin -1 tan -1 x < — 

2 

=^> sinl <cos -1 sin -1 tan -1 x<l 
=> cos sinl > sin _1 tan _1 x > cosl 
=> sin cos sinl > tan~'x > sincosl 
=> tan sin cos sinl > x > tan sin cosl 
Hence x e [tan sin cosl, tan sin cos sinl] 

18. (c): We know --j<sin -1 x< j 

. -l . -l . -l 3Jt 
/. sin x + sin y + sm z = -^ 

. -l -l ■ -i it 

=* sin x = sin y = sin z = — 

=> x=y = z= 1 

Also,/(p + q) =/(p) •/(<?) V p, q E R ...(i) 

Given,/(l) = 1 

From (i),/(l + 1) = /(l)-/(l) => /(2) = l 2 = 1 ...(ii) 
From (ii),/(2 + 1) =/(2) • (1) =>/(3) = l 2 • 1 = l 3 = 1 
Now, the given expression = 3-1=2 

19. (d) : Let x and y be the height of the flagstaffs 
respectively. 



30m 


Then AP = x cot 60° = -^= 

AQ = y cot 30° =yV3, BP = xcot45° = x 
BQ = y cot 60° = 

AB = BP-AP = x--j= => 30 = x| : ^ij 
=> x = 15(3 + V3) 

Similarly, AB = AQ-BQ = y4 3--^ 

=> 30 = ^ => y = l54l 

v3 

So, PQ = BP + BQ = x+-j^ = 15(3+V3)+15 
= (60+15-73) metres 
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20. (c): Let PQ be the 
pole on the building QR 
and O be the observer, 
then 

PQ = 50 m, QR = 250 m. 
50 


So, 


tana = — and tan2a= — 

2tana* 300 _ 100., x 2 


300 


1 - tan 2 a * * x 2 -2500 * 

=> x 2 = 3X 2 - 7500 => x 2 = 3750 =* x = 25>/6 n 
21. (d): ax(bxc) = (ac)b-(3b)c 
bx(cxa)=(a b)c-(b c)a 


25. (a) : A vector coplanar with i+j+2k and i+2j +k 
is 'i+j+2& + \(i+2j + k) 

= (l + X)/+(l+2X);'+(2 + X)j^. 

It is perpendicular to i+j+k 

l+A + l+2A + 2 + A = 0 => A = -1 

.*. The vector is -j+k. 

1 cosx -sinx 

26. (d): f'W= x 2 tanx -x 3 

2x sin2x 


cx(axb)=(bc)a-(ca)b 


x sinx cosx 


X 

sinx 

COSX 

Taking the scalar triple product, we get 

+ 

2x sec 2 x -3X 2 

+ 

x 2 

tanx 

-x 3 

(d c)(d b)(b c)[5bc] -(5 b)(b c)(c a)[5 b c] = 0 


2x sin2x 5x 


2 

2cos2x 

5 

Since [c a b] = [a b c] 


1 j 





2 

Applying R 2 - 

-»— R 2 , R$ — > — R3 

and R 

2->-«2 

on 1 st 


22. (c): [5 b cf : 


abcos0 accost 
abc os0 b 2 bcc os0 
cocos 6 be cos 0 c 2 


2 nd and 3 rd determinants respectively, we get 
/'(*) 


= a 2 b 2 c 2 


COS0 COS0 
COS0 1 COS0 
COS0 COS0 


1 cosx 

-sinx 

X 

sinx 

cosx 

tanx 

-x 2 H 

1- 2x 

sec 2 x 

-3X 2 

2x sin2x 

5x 

2 

sin 2x 

X 

5 


= a 2 b 2 c 2 (1 - 3cos 2 0 + 2cos 3 0) 

= o 2 b 2 c 2 (1 - cos0) 2 (l + 2cos0) > 0 

. cos0> —— => 0e[o, —1 


±,J ir 


23. (b): axb = (i +j)x(j+ k)=k-j + i 

\axb\ 

24. (a) : A vector in the plane of b and c is b + Xc 
i.e., (l + X)i+(2 + X)]-(l+2X)jt 

_ . [2 

Its projection on a is y- 

. 2(l + X)-(2+X)-(l + 2X) A [2 

- - Tt - =t fi 

.-. X + 1 = ± 2 => X = 1, -3 

Thus, X = 1 => Required vector = 2i+3j-3k 

and X = -3 => Required vector = -2i - j +5k . 


, f'W 


0 0 0 


110 0 0 
0 + 0 1 


2 2 


c sinx cosx 
c tan * 
l 2cos2x ! 

0 0 1 
+ 0 1 0 =—■ 

2 2 5 

1 -1 t 


M+l ly) [z] 

27. (c):A= [x] [y] + l [2] = 0 1 -1 

[x] [y] [z ]+1 lx] [y] [z]+1 

{Ri -* Ri - R& Ri-* R2 - ^ 3 } 

= 1([*1 +1 + M) + KM) = M + ly] + M +1 

/. Maximum value isl+0 + 2+ l=4. 

28. (a) 29. (a) 

30. (d) : The sum of the coefficients in the first equation 
= 1 + 2to + 3u) 2 = (i) 2 - 1 = -R.H.S 
Similarly, for the other two equations also the results 
holds so that (-1, -1, -1) is the unique solution. 
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1. (a): Let A ( A 2 be the sides and 
O be the centre. Let OB 1 A\A 2 . ’ 

Clearly, OAi = R and OB = r. 

Also, ZA,OA 2 = — and ZA,OB = 

InAA^B, j = cos ZA,OB = cos - ...(i) 

, A,B 7t 7t 

and —— = tan—, t.e., A,B = r tan — 

OB n n 

A]A 2 = 2AjB = 2rtan — 

Now, 2(R + r)tan — = 2\ —-— + r|tan—, [from (i)] 
2n cos? 


= 2rtan — = A]A 2 , [from (ii)]. 

2. (a): Here the form is 1®. 

.. • Um'ogf 1 +3 *"*" ) ...(i) 

Limit = e x ~+°° v " ' 

Now, lin L log( |l/JC ^ 2 ' /JC+ ^ /J:+ ^ ,l/Jr j"' 

l Vx +2 Vx +3 llx +...+n Vx 

= ^llm nx log- 

log(l'+2 > ’+...+n , ')-logM [ ll 

= limn- (puttingy=— 1 

r-° y l x] 

- 1 -[2' log 2 

Ll'+2'+...+n' 8 

+ 3' log3+,., + n' logn}-0| 

= n -lim-- 

1 [using L’Hospital’s rule} 

[log2 + log 3 +... + log n) 


1 U +2 U +... 

= log n! 

.•. by (i), limit = e log " ! = n\. 


vf-l 2 

3. (d): /= J 1 dx + J ln(l + x 2 )dx 

o 

= yfe-i +2In5- - 4+2>/e^I 

+2 tan -1 2 -2 tan -1 Je-l 

Required value = -4 

4. (d): ll 2012 + 23 2012 - 3 2012 

= (1 + 10) 2012 + (3 + 20) 2012 - 3 2012 

= {l+ 20I2 C, 10 + 2O12 C 2 10 2 +.} 

+ {3 20,2 + 2012 C, -3 2011 -20+.j-3 2012 

={ 2012 c, •10+ 20I2 C 2 10 2 +.} 

+ { 20I2 C 1 -3 20 "-20+ 20,2 C 2 -3 20,0 -20 2 +.} + l 

= (All terms multiple of 10) + 1 
.•. Unit place digit = 1 => a = 1 


Let / = J - 


a-1 VI -X 2 -X + 
xdx 


-I- 


Putting x = sin0 =>dx = cos0 d 
_ sin0cos0d0 
' (sin0 + cos0)cos0 


Again /= f - 

t s 

71/2 - - 

= J; 


J sin --0 | + cos[ --0 


! cos0 + sin0 

* /2 

On adding (i) & (ii), 21= j dQ I = - 


5. (d): Vertices are 0(0, 0,0), 
0'(1,1,1), A (1,0,0), 

A' (0,1,1),B (0,1,0), 

S'(1,0,1),C(0,0,1), 

C(l, 1,0). 

The number of all triangles is 


= 56 


CD 
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The number of right angled isosceles triangles like 
AOAB, each of area — is 24. The number of right angled 
2 1 

scalene triangles like AOCC/, each of area —= is 24. 

v2 

The number of equilateral triangles like CfBC, each of 

S. . 

area — is 8. 

2 

.•. The total area = 12 +12>/2 + 4 >/3 
= 12 + >/288 + >/48 

=> m = 12, n = 288, p = 48 tn + n + p = 348 

6. (a, d) : z 2r ~ 1 = cos(2r - 1)1° + isin(2r -1)1° 

= cos(2r - 1)° + isin(2r - 1)° 


A = ^Re(z 2r_1 ) = ^cos(2r-l)° 

r=1 r=l 

= cosl° + cos3° + cos5°+.+ cos89° 

( l° + 89°^ . ACit0 . 


8. (a): g(2)=jjm=jjm+]fm 

In second integral put t = 2 + y 
f-»l=>p-»-l,t->2=>>'-»0 

10 10 
| f(t)dt + j f(2+y)dy = jf(t)dt + j f(y)dy 


=j f(t)dt+j f(t)dt=$ fm =2 J fm 
0 - 1-1 0 
= 2g(l) = 2 a , similarly ^(5) = 5 a 

9. (3): We have, Y = ^ = “f 

=> x = t,y=l + 2t,z = -(1 + 2f) 

.•. Image in the plane x+p + z- l= 0is 
x-t = y-(l+2t) = z + l + 2t = ^ 


sinl° 2sinl° 

.• cos0 + cos(0 + P) + cos(0 + 2p) +.... 


+ cos(0 + (n-l)P) = - 




B = £lm(z 1 '- | )=£ai,(2r-l)“ 

r=l r= 1 

= sinl° + sin3° + sin5° +.+ sin89° 

Sn (^“). sin45 < l -) , 


sinl° 2sinl° 

sin0 + sin(0 + P) + sin(0 + 2P) +.... + 2sin{0 + (n- 1)P}“ 


A = B, but, A 2 +B 2 = 18c—+ —= 1 arenottrue. 
A 2 B 2 

Further, z = cos 1° - isin 1° 

=> i(z -z) = i(-2/ sin 1°) = 2 sin 1° = — 

A 

x+2 2 

7. (c): g(x + 2)—g(2)= j f(t)dt-jf(t)dt 

x 2 2 0 x 0 

=jfm+1 fm -1/(t )dt =J /m =gw. 


Given plane meets at x-z plane 
So,y = 0 =* f = —— :.x=-,z= 3 


(a,b,c)= -.0,3 


10. (b): P. 5 2 * 4h 
=> s x(jt+1) = 5 5< 


. + W = (25) 28 

* x 2 +x-56 = 0 => x = 7asx>0 


Q. 2 log 5 ; 




log 5 (0.2) 




= logs/2 (1/2) log (2/5) 2 = log 4 = 
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